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Negative Brehung ohne Absorption in dihten Atomgasen:
In dieser Arbeit wird die Möglihkeit diskutiert, einen negativen Brehungsindex in
einem dihten Atomgas zu erzeugen. Unsere theoretishen Resultate zeigen, dass man
einen Bereih negativer Brehung mit vershwindender Absorption für infrarote Fre-
quenzen in einem dihten Gas aus Fünf-Niveau Atomen nden kann. Da metastabiles
Neon die geforderte Niveaustruktur besitzt, ersheint es geeignet für eine experimentelle
Realisierung. Ähnlihe Systeme sind in der letzten Zeit in der Literatur vorgeshla-
gen worden. Allen ist gemeinsam, dass sie einen elektrish erlaubten und einen mag-
netish erlaubten Dipolübergang bei fast der gleihen Frequenz enthalten. Die beiden
Übergänge werden durh starke Laserfelder gekoppelt, was dazu führt, dass die mag-
netishe Antwort auf ein shwahes Probefeld, das mit seiner magnetishen und seiner
elektrishen Feldkomponente an die jeweiligen Übergänge koppelt, verstärkt wird. Um
die Bedingungen, die an das Niveaushema gestellt sind, aufzuweihen, nutzt man aus,
dass Energieniveaus durh starke Laserfelder vershoben werden können. Allerdings
sind die Dihten, die benötigt werden, um negative Brehung zu beobahten, so hoh,
dass man die Dipol-Dipol Wehselwirkung der polarisierten Atome niht vernahlässi-
gen darf. Wir vergleihen daher zwei untershiedlihe Methoden, diese Wehselwirkung
zu berüksihtigen und shliessen aus den Ergebnissen, dass unser System mit nihtlin-
earen Blohgleihungen beshrieben werden sollte. Legt man zusätzlih ein inkohärentes
Pumpfeld an, so gelingt es durh Populationsänderungen, das System in einen aktiven
Zustand zu überführen, in dem das angelegte Probefeld über eine Zweiphotonenreso-
nanz verstärkt wird. Auf diese Weise erreiht man, dass das System bei einer Dihte
von 9·1016m−3 und einer Wellenlänge von 5µm einen negativen Brehungsindex besitzt,
ohne Absorption zu zeigen.
Lossless Negative Refration in Dense Atomi Gases:
We report theoretial results of lossless negative refration at near-optial frequenies
in a dense gas of ve-level atoms. In partiular metastable Neon is identied as a
suitable andidate for an experimental realization. Following a reent approah, the gas
is oherently prepared by external laser elds to respond both to the eletri and the
magneti omponent of a probe beam. The magneti response is onsiderably enhaned
by ross-oupling the degenerate eletri and magneti dipole transitions in the atom. We
show that the strit onstraints on the level sheme an be relaxed by strong laser indued
AC-Stark shifts. Sine large densities are neessary to obtain suiently large magneti
response, dipole-dipole interations have to be onsidered. We ompare two methods
to aount for these interations and onlude that the dynamis of the system should
be desribed by nonlinear optial Bloh equations. Introduing inoherent pumping,
the system an be smoothly transferred from a passive to an ative state. Employing
a two-photon transition, we observe gain in the eletri probe eld omponent that an
render the system lossless. Speially, we nd substantial negative refration with zero
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1. Introdution
Refration is one of the physial phenomena that we observe naturally in our daily life,
for example, when we look through a magnifying glass. Light rays originating from the
objet are refrated both in the glass as well as in our eyes. Aording to Snell's law,
the light rays hange their diretion at an interfae between dierent media, for example
glass and air, as desribed by n1 sin θ1 = n2 sin θ2. Here, θ1,2 are the inoming and
outgoing angles towards the normal and n1,2 are the refrative indies of the respetive
media (Fig. 1.1). The refrative index determines the phase veloity of light inside the
material c′ = c/n, where c is the vauum speed of light.
What happens, if the refrative index beomes negative? As it turns out, Snell's law is
still valid. Thus, at the interfae to a negative index material (NIM), light rays are bent
towards the unintuitive diretion at negative angles. To illustrate this surprising result,
imagine you stand in a swimming pool looking at the oor for the ring you just lost.
You want to grab it, expeting that it is slightly displaed due to normal refration.
However, in negative index water the ring you see in front of you will in fat be behind
you (Fig. 1.1).
Another onsequene of negative refration is that the phase veloity beomes negative.
This means that the diretion of the phase veloity, determined by the wavevetor k, is
opposite to the energy ow, whih is determined by the Poynting vetor S. Therefore,
the total optial path is zero, if a wave has travelled the same optial distanes in
positive and negative media. This phase-restoring property was already reognized by
Veselago [1℄, but it was John Pendry, who showed that, astonishingly, the same is true for
the amplitudes of the evanesent modes of the light eld [2, 3℄. This phenomenon an be
employed to build a superlens, whose resolution is no longer limited by the wavelength
of the light. The superlens is nothing but a planar slab of negative index material.
Why does an enhanement of evanesent modes lead to innite resolution? Evanesent
modes usually deay in spae very quikly over the distane of a few wavelengths and
an only be observed in the near-eld. The reason is that their perpendiular wavenum-
ber k⊥, whih determines the phase evolution perpendiular to the propagation dire-
tion z, is larger than the total wavenumber, whih is determined by the frequeny k0 =
ω0/c. Hene, they deay exponentially aording to exp(ikzz) = exp(−n
√
k2⊥ − ω20/c2z).
Amazingly, in a negative index material the exponent beomes positive and the ampli-
tudes of the evanesent modes grow exponentially in spae, so that, like the phases, they





Virtual imagePosition in positive waterPosition in negative water
Figure 1.1.: Searhing for a ring at the bottom of a swimming pool. Dashed lines lead to
the position of the virtual image. The ring is loated at dierent positions
in positive and negative index water n = ±1.4, respetively.
omponents of the image, it is the evanesent modes whih arry the information of the
objet's subwavelength struture.
The physial mehanism behind this seemingly unrealisti phenomenon is the exitation
of surfae resonane modes, so alled plasmon polaritons, in the material. Therefore,
the ampliation proess takes plae only inside the material and the evanesent waves
start to deay again as soon as they leave the medium. We also note that evanesent
modes do not ontribute to the energy ow of the waves so that energy onservation is
not violated.
Instead of being fundamentally limited, the resolution of a superlens is determined by
the losses in the material and the deviation from the exat value of Re(n) = −1 [4, 5, 6℄.
If suh a devie was realized for optial or near-optial frequenies, the use of ommon
laser tehnology would allow for example to image nanometer-sized objets with optial
light, a proess that would ertainly revolutionize small-sale lithography.
So far, the superlens is the most prominent pratial appliation of negative index ma-
terials, but there are many more, as for example subwavelength optial waveguides [7℄,
that have a larger bandwidth than ommon waveguides and an therefore arry more
information, or the enhanement of MRI [8℄. There are already many appliations real-
ized in lower parts of the frequeny spetrum, for instane a negative index is used to
improve the performane of radiofrequeny antennas.
As was disussed by Vitor Veselage already in 1968 [1℄, the index of refration n(ω) be-
omes negative at a ertain frequeny ω, if the real parts of both the eletri permittivity
ε(ω) and the magneti permeability µ(ω) are negative. Whereas ε desribes the response
of the medium to the eletri eld, the permeability µ desribes the magneti response.
These funtions turn out to be negative only lose to eletri and magneti resonanes,
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respetively. In natural materials, however, these resonanes are separated in frequeny
by orders of magnitude. Whereas magneti resonanes typially our in the GHz-region
of the spetrum, eletri resonanes an usually be found in the optial regime. It was
this lak of natural materials that fulll the ondition for negative refration, that hin-
dered further interest in the eld until John Pendry and oworkers, in 2000, suggested
to use an artiial material that onsists of two subwavelength strutures. One that
provides negative eletri response in some frequeny range (ε(ω) < 0), and another one
that shows negative magneti response (µ(ω) < 0) in an overlapping frequeny region.
The artiial material an be desribed by a negative index of refration, beause the
wavelength of the inident eletromagneti eld is too large to spatially resolve the single
omponents. Instead it sees the medium as a bulk.
Negative refration was observed with suh a strutured material, whih is ommonly
alled metamaterial, for the rst time in 2001 in the group of Smith and oworkers [9℄.
Their experimental results showed that inident mirowave radiation of 10.5 GHz is re-
frated at negative angles at the interfae of the metamaterial and air. This settled a
lively debate, whether negative refration ould ever be obtained. By further minituar-
ization it was possible to build metamaterials that operate at higher frequenies and re-
ently, negative refration was realized for wavelengths of 1µm and 780 nm [10, 11, 12℄.
Other fasinating experiments [13℄ were able to prove the superlensing property of a thin
silver lm. At frequenies slightly below its plasma frequeny the eletri permittivity
is negative ε < 0. For a spei polarization (TM), the magneti eld an be negleted
in the near-eld and the refrative index is given by n =
√
ε. Therefore the lens must
be plaed in the near eld of the objet. We note that in order to observe a negative
index, the onditions of ε, µ < 0 are in some ases not stritly required.
However, there are numerous severe drawbaks of the metamaterial approah, for in-
stane, the prodution proess of optial metamaterials is rather involved and results in
a two-dimensional, layered struture. Realizing a true three-dimensional optial meta-
material is a omplex tehnologial hallenge, beause the struture size must be muh
smaller than the wavelength. Most prominently though, metamaterials generally suf-
fer from high losses originating from their design as passive devies whih are operated
lose to eletri and magneti resonanes where absorption is substantial. The relevant
gure of merit (FOM) for these systems, the ratio of the real to the imaginary part of
the refrative index FOM = Re(n)/Im(n), is of the order one, whih renders possible
appliations as the superlens impratiable.
Therefore, reently a ompletely dierent approah to negative refration at optial
frequenies was proposed, using a dense atomi gas whose optial properties are tailored
by external laser elds, whih oherently prepare the atoms [14, 15, 16℄. This system is
naturally three-dimensional and its eletromagneti response is tunable to a onsiderable
amount. However, in the rst two referenes the magneti oupling was not taken into
aount properly [17℄ and the onstraints on the level sheme are relatively strit in all
proposals. Furthermore, the systems are passive, meaning that they are slightly lossy.
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In order to exhibit negative refration, they require high densities, whih neessitate
taking into aount dipole-dipole interations.
In this work, we try to relax the onditions on the level sheme employing laser driven
AC-Stark shifts and two-photon transitions. We study the inuene of dipole-dipole
interations thoroughly by omparing two methods to deal with the resulting nonlinear
loal eld eets. Finally, we transfer the system smoothly to an ative state, where it
amplies inident radiation, by applying a weak inoherent light soure. In partiular,
we an tune the system suh as to exhibit truly lossless negative refration.
The atomi gas we onsider is modelled by a olletion of ve-level atoms. This sim-
pliation is possible, if the initial ground state of the atom is resonantly oupled to
only four other states. The applied laser elds reate quantum mehanial oherene in
the system, altering the medium's optial properties. Therefore, one should regard the
atomi gas plus the oupling lasers as an eetive medium, just like the metamaterials
we disussed before.
Having prepared the medium to a partiular objetive, we shine in a weak eletromag-
neti eld, the probe beam. This wave will ouple resonantly with both its eletri eld
omponent and its magneti eld omponent to the same atom. The reason is that the
atomi level sheme ontains an eletri and a magneti dipole transition at roughly the
same frequeny. As a result, eletri and magneti dipole moments are indued in the
atom. In the bulk, the reponse of the medium will be desribed by eetive parameters
ε and µ and the refrative index n. Usually, the oupling of the magneti eld ompo-
nent an be negleted, beause it is smaller by powers of the ne-struture onstant. To
enhane the magneti response, the oupling elds introdue a ross-oupling between
the eletri and magneti dipole transitions.
Metastable Neon appears as a suitable andidate for an experimental realization of the
system [15℄. It shows negative refration at a wavelength of 5µm. Other metastable
noble gases, Krypton and Xenon, are disussed as well. They operate at wavelengths of
1.7µm and 990 nm, respetively.
Nevertheless, to ahieve a negative index of refration, relatively large number densities
are required. In Neon for example one needs densities around 1017m−3. With a probe
eld wavelength of 5µm, this implies that many atoms an be found in the volume of
a ubi wavelength. Consequently, the polarized partiles ome lose to eah other and
dipole-dipole interations have to be onsidered. We pursue two dierent approahes to
take these interations into aount. First, we apply loal eld orretions [16, 18℄ to
linear order in the loal eld. Seond, we take all orders of the loal eld into aount
by solving nonlinear optial Bloh equations [19, 20℄. By omparison of the results, we
believe that the seond approah is more appropriate to our system. However, our main
result of negative refration with zero absorption for a wavelength of 5µm remains valid
in both ases, albeit with a slight modiation in the fully nonlinear ase.
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This work is organized as follows: after this introdution, the reader is aquainted with
our model system at the beginning of Chapter 2. We present the various parameters,
justify the appliability of the long-wavelength and the rotating-wave approximation
and nally write down the Hamiltonian that desribes the oherent time evolution of a
single ve-level atom. Sine an exited atom an also deay spontaneously, whih is an
inoherent and dissipative proess, the full time evolution of the system is desribed by
a master equation for the density matrix ρ of the atom. We employ a generi master
equation, the Lindblad equation, ommonly used in quantum optis, sine it preserves
the norm and the positivity of the density matrix Trρ = 1. The diagonal elements of ρ
an then be interpreted as oupation probabilities.
Throughout this work, we only onsider the long-time behavior of our system and there-
fore always solve for the time-independent, steady-state density matrix. As usual, know-
ing the density matrix sues to alulate the expetation value of any quantum mehan-
ial operator, in partiular of the eletri and magneti dipole moments. By expanding
the steady-state density matrix up to linear order in the weak probe eld, we are able
to alulate the linear eletromagneti response of a single atom. However, already at
this point we note that the probe eld strength at the position of a partile inside the
medium, where it is losely surrounded by many other atoms, will, for large densities,
dier from the strength of the externally applied elds due to ontributions of near-
dipoles. It is the true loal-eld that drives the atom and whih onsequently appears
in the Hamiltonian.
Sine we are interested in the optial properties of the gas as a whole, we have to sum
over the single atomi responses to obtain the marosopi material parameters ε, µ and
nally n. This is done in Chapter 3. It turns out that we need two more response
oeients, beause the eletri response is also inuened by the magneti probe eld
omponent and vie versa.
Furthermore, in order to nd negative refration, the density of atoms has to be so large
that dipole-dipole interations between lose-by partiles must be taken into aount.
In Setion 3.1 we ompare two dierent approahes to implement these interations:
rst, we orret for the loal-elds using a Clausius-Mossotti relation, well-known in
solid-state physis. Seond, we employ generalized Maxwell-Bloh equations that are
nonlinear in the density matrix elements. Sine we nd notieable dierenes in the
results, we study the two methods in detail and onlude that the seond approah is
more adequate in our ase.
We derive the expression for the refrative index in a medium with ross-ouplings in
Setion 3.2. The resulting index depends on the polarization of the probe eld and the
ross-oupling oeients. But in our system, these oeients are orders of magnitude
smaller than ε and µ. For the alulation of the refrative index they an therefore be
safely negleted. In fat, they depend on the relative phase of the oupling elds. If this
phase is not ontrolled in an experiment, both oeients average to zero over time. We




In Chapter 4, we ompare results of various passive systems for the marosopi re-
sponse oeients, the suseptibilities and hiralities, and the refrative index. Passive
systems are always slightly lossy, resulting in a positive imaginary part of the refrative
index. In partiular, we point out the dierenes of the two methods to deal with the
loal eld.
First, in Setion 4.1, we disuss an ideal system, where we hoose the parameters as
to draw attention to the essential results. Yet, we note that these results are found
almost unhanged in the realisti systems of metastable noble gases. In Setion 4.1.1,
we investigate the dependene of the refrative index on the wavelength and the density.
We nd a saling law between these parameters that allows to predit the performane
in other systems. Finally, we alulate the inuene of the ollisional deay rate on the
index of refration in Setion 4.1.2. Due to the large densities in the sample, we have
to take phase-disturbing ollisions between the atoms into aount.
In the seond part of this hapter, in Setion 4.2, we disuss parameter ranges of
experimental systems, and in Setion 4.3 present results for the realisti system of a
dense gas of metastable Neon. We use detailed information on the true energeti level
struture in this system and nd negative refration with almost no absorption at a
wavelength of 5µm, resulting in a gure of merit around FOM = 60 for a 100 MHz-wide
range of frequenies. The density of the system, that is needed to obtain these results,
is 5 · 1017m−3. In the end, in Setion 4.3.2, we shortly disuss the advantages and
disadvantages of two other noble gases, Krypton and Xenon.
The following Chapter 5 ontains the main results of this work. By means of an
additional, inoherent, light eld we an hange the populations in the system suh
as to observe ampliation of the eletri probe eld omponent (Im(ε) < 0). As a
result, the now ative system an show negative refration with overall gain, as an
be reognized from a negative imaginary part of the refrative index Im(n) < 0. The
imaginary part an be ontrolled by the intensity of the inoherent pumping eld. The
real part Re(n) remains negative in the presene of this additional light soure.
Most prominently, between the two regions of absorption and gain, the imaginary part
of n stritly vanishes, meaning that the system shows truly lossless negative refration
with Re(n) ≈ −0.7 and Im(n) = 0. We obtain this result with both loal eld orreting
methods.
Finally, we disuss the possibility to nd a negative index of refration in a region, where
the real parts of both ε and µ are positive. Suh a situation arises from the fat that
we deal with an ative system, where the imaginary part of ε is negative, ompensating
the absorption in the magneti omponent. We explain, how to identify the physially
orret branh of the square root, by smoothly transferring the system into a passive
state. For a passive system it is straightforward to determine the orret branh.
Sine Neon turns out to be so stable with regard to parameter hanges and exhibits
negative refration already for densities of 5 · 1016m−3, it is a promising andidate for
an experimental realization, hopefully not too far in the future.
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2. Mirosopi Response of the
Model System
2.1. Master Equation for the Chiral Five-Level
System
The model that we are going to study onsists of a dense olletion of ve-level atoms
that are exposed to three strong laser elds, in the following denoted as the oupling
elds, and one weak laser eld, denoted as the probe eld.
One an regard the atoms as ve-level systems with states |i〉 having energies ǫi (i =
1, . . . , 5), if the ve states onstitute a losed system with respet to the laser ouplings.
Furthermore, we require that one of the states is the initial ground state of the atoms.
Three dierent oupling mehanisms our in our system. Dierent states are oupled
by oherent and inoherent light elds as well as spontaneous emission. We an neglet
states that are outside the ve-level system, if the interation ours on timesales that
are muh longer than the longest timesale in our system. The energy diagram, inluding
the dierent oupling elds, is shown in Fig. 2.1. The parity of eah state is denoted by
the sign ±. We assume that the transition |3〉 − |4〉 is eletri dipole allowed (E1) and
the transition |1〉 − |2〉 is magneti dipole allowed (M1). Furthermore, these transitions
are almost degenerate in energy: ǫ43 = ǫ21 + ∆ with ∆ ≪ ǫ43, ǫ21 and ǫij = ǫi − ǫj .
We denote ∆ in the following as the gap frequeny. Beause of this degeneray, the
transitions ouple to both the eletri and magneti omponent of the the probe eld.
Magneti transitions are rarely onsidered in quantum optial systems, beause they are
in most ases non-resonant and weak. Therefore, we shortly review the properties and
seletion rules for magneti transitions.
In an atomi system, magneti (M1) transitions our between states that have the same
parity and the same main quantum number. The parity P is, at least in hydrogen-like
systems, given by the orbital angular momentum quantum number l as P = (−1)l. For
multi-eletron atoms, one an alulate the parity by taking the produt of the parities of
the single eletron wave funtions, whih were alulated, for example, with the Hartree-
Fok method. The main quantum number must not hange, sine the magneti dipole
operator µ = gJJ is proportional to the total angular momentum operator J, whih
does not at on the radial part of the wavefuntions. For these reasons, magneti dipole
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Figure 2.1.: Five-level system with oherent and inoherent oupling elds. The probe
eld (dashed arrow) ouples with its eletri omponent to |3〉 − |4〉 and its
magneti omponent to |1〉 − |2〉. The strong oupling elds Ω31,Ω42 and
Ω54 are denoted as straight arrows. The wavy arrow denotes an example of
an inoherent light eld desribed by the pumping rate r35, r53. The dotted
line separated from |4〉 by the gap frequeny ∆ indiates the two-photon
resonane of transition |2〉 − |3〉. Spontaneous emission ours with rate γ
between states of dierent parity and with rate γ/(137)2 between states of
the same parity.
transitions our typially in the GHz region of the spetrum, for instane between
states that are split beause of the spin-orbit interation. Eletri dipole transitions have
dierent seletion rules (∆l = ±1, ∆S = 0, ∆J = 0,±1, but J = 0→ J = 0 forbidden)
and our typially between states that are separated by optial frequenies.
It follows from these seletion rules that one of the strong oupling transitions is between
states of the same parity. This transition is thus eletri dipole forbidden and involves
the absorption of two photons (E2). We hoose this to be the transition |1〉−|3〉, beause
it is the same in the realisti systems, that we will onsider later. Initially, all atoms are
in the lowest energy level, the ground state |1〉 of the system. In an experiment, this
state an, and will in our ase be, metastable as long as its lifetime is large ompared to
the timesales of the system.










2.1. Master Equation for the Chiral Five-Level System
for i = a, b, c, d. Here Ei is a real amplitude, beause we have written the absolute phase
of the eld into the phase Φi. Their frequenies ωi lie in the optial or near-infrared
range with wavelengths that are muh larger than the atomi dimensions of a few Bohr
radii. This allows us to treat the interation with the atoms in the long-wavelength
approximation. Then, the atom-eld interation Hamiltonian is given by the sum over
the dipole interation terms H
I
= −∑d · E. The strong laser elds are near resonant
and desribed by the omplex Rabi frequenies
Ω31 = d31 · εaEa/~
Ω42 = d42 · εcEc/~
Ω54 = d54 · εdEd/~ .
(2.2)
The eletri omponent of the weak probe eld ouples to the transition |3〉− |4〉 giving
rise to the term
d43 · Eb/~ (2.3)
and, in addition, the magneti omponent of the same eld ouples resonantly to the
magneti dipole (M1) transition |1〉 − |2〉, whih leads to the term
µ21 ·Bb/~ . (2.4)
The two states |1〉 and |2〉 are also onneted to eah other via the states |3〉 and |4〉. This
involves the eletri eld Rabi ouplings Ω31,Ω43,Ω42. They reate oherene between
the states |1〉, |2〉, whih drives a magneti dipole moment µ21. Generally, the oupling of
the magneti eld omponent is smaller than the oupling of the orresponding eletri
omponent by a fator of the ne-struture onstant α = 1/137. This an be seen
most fundamentally by noting that the Lorentz fore (qv/c) × B on a harge q in an
eletromagneti eld E,B, is smaller than the eletri fore qE by a fator of v/c. If we
reall that the veloity of an eletron in the lowest Bohr orbit is approximately given
by v ≈ αc, we arrive at the desired relation. The ratio of eletri to magneti dipole
moments is typially d/µ ∼ 1/α. But sine in our ase the magneti dipole moment
of the atom is indued by eletri instead of magneti elds, we expet the magneti
interation, and thus the magneti response, to be enhaned by a fator of the order of
the inverse ne struture onstant.
In order to simplify the notation, it is onvenient to work with the following ombination
of laser eld frequenies
ω1 = ωc + ωd + ωb
ω2 = ωc + ωd
ω3 = ωb + ωc + ωd − ωa
ω4 = ωd
ω5 = 0 .
(2.5)
The detuning δij on transition |i〉 − |j〉 with transition energy ǫij is then simply given
by
~δij = ~(ωi − ωj) + ǫij . (2.6)
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We assume that the detunings and Rabi frequenies are small ompared to the transition
energies ~δij, ~Ωij ≪ ǫij . One an then employ the rotating-wave approximation (RWA)
and neglet terms whih osillate with frequenies of the order of the transition frequeny
ompared to terms whih osillate with the detuning. Taking their time average over a
typial evolution time of the system gives zero. This timesale is given by the largest
inverse Rabi frequeny.
Before presenting the Hamiltonian of the system we make an important remark. As
it turns out later, in order to observe negative refration the density of the gas must
be quite large. The atoms, whih are polarized due to the laser elds, ome very lose
to eah other and interat via the dipole-dipole interation. Therefore, an individual
atom does not ouple to the externally applied elds, but rather to the so-alled loal
eld at its position. This loal eld is inuened by the nearby other atoms. Using
this mean-eld approah, we replae the externally applied probe elds Eb,Hb in the
Hamiltonian by the loal elds EL,HL. The response quantities as a whole an then
be extrated by a suitable average over the single atomi responses. The exat relation
between external and loal elds is disussed in Ch. 3. Here we just note that suh a
proedure is well-known in solid state physis, where densities are even higher, and leads
to the Clausius-Mossotti equation.







{−µ21 · BL(κ× εb)ei(ω2−ω1)t|2〉〈1| −d43 ·ELεbei(ω4−ω3+ωc−ωa)t|4〉〈3|




where κ = kb/kb is the diretion of the probe eld, whih we take as the z-axis. We
write 〈i|d|j〉 = dij , 〈i|µ|j〉 = µij for the expetation values of the eletri and magneti
dipole operators.
In addition to the oherent time evolution of the system, we must onsider the sponta-
neous deay of exited states arising from the oupling of the atom to the utuating
vauum eld modes. This proess is dissipative and annot be reversed in time. Thus,
we have to use a master equation for the density matrix of the atom to desribe the time
evolution of a single ve-level system.
The master equation, that we will employ, is of a general type, alled Lindblad type,
whih ensures that the trae of the density matrix is preserved and the matrix is always
positive denite. Both properties are required for the probabilisti interpretation of the
diagonal elements of the density matrix, sine they orrespond to the onservation of
probability and the fat that probability is always positive or zero. The master equation
10
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( |j〉〈j|ρ+ ρ|j〉〈j| − 2|k〉〈j|ρ|j〉〈k| ) , (2.8)

















(d43 · ELεb)∗e−i(ω4−ω3+ωc−ωa)tρx3δy4 − 1
2
µ21 · BL(κ× ε)ei(ω2−ω1)tρ1yδx2
−1
2
(µ21 · BL(κ× ε))∗e−i(ω2−ω1)tρ2yδx1 +
1
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{(γxj + γyj)ρxy − 2γjxρjjδxy} .
(2.9)
If we now transform to a rotating frame by
ρij = ρ˜ije
i(ωi−ωj)t , (2.10)
where the ρ˜ij are now slowly osillating in time, the master equation beomes time
independent, if we divide both sides by exp(i(ωx − ωy)t) and hoose ωa = ωc. This
hoie ensures that the loop detuning δl = ωa+ωb−ωc−ωb = ωa−ωc vanishes. If δl 6= 0
it is in general impossible to nd a frame, where the right-hand side of the equations
of motion is time independent [21℄. Note that this hoie of eld frequenies (ωa = ωc)
determines one of the detunings, for instane δ42 = δ31 +∆. The resulting equations for
the slowly osillating density matrix elements, where we suppress the tilde for readibility,
are now written as












{d43 · ELεb(ρ3yδx4 − ρx4δy3) + (d43 ·ELεb)∗ (ρ4yδx3 − ρx3δy4)
+ µ21 · BL(κ× ε)(ρ1yδx2 − ρx2δy1) + (µ21 · BL(κ× ε))∗ (ρ2yδx1 − ρx1δy2)} .
(2.11)
Here we have introdued the mean deay rates γ˜xy =
∑
j (γxj + γyj) /2, whih desribe
the deay of ρxy beause of spontaneous emission. The term γjxρjjδxy desribes the
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feeding of the population ρxx by the other populations ρjj , j 6= x. At this point one an
inlude additional deay hannels. We will not onsider spontaneous deay to outside
levels, beause we are interested in the long-time behavior of our system and in this
stationary limit all the population would have left the system. Experimentally, repump
lasers , whih pump the atoms bak into the system, an be used, if extra deay hannels
our.
However, sine the density of atoms in our system will be high, we have to onsider
deoherene due to phase-disturbing ollisions between the partiles. To this end, we
add a ollisional deoherene rate γC to the o-diagonal rates
γ˜xy → γ˜xy + γC i (x 6= y) , (2.12)
whih determine the deay of the oherenes ρxy. It is adequate to neglet hanges
in the populations, beause the typial kineti energy is muh smaller than the level
separation. If our model is realized by a gas of moleules, this is no longer true, beause
of the rovibrational spetrum. Finally, inoherent pumping proesses between dierent
states |i〉 and |j〉 with rate rij an be inluded by the modiation
γij → γij + rij , (2.13)
where rij 6= 0 and rji 6= 0, if the pumping is in both diretions.
We are interested in the long-time behavior of the solutions, when the system after an
initial osillatory behavior reahed its time-independent steady-state, and therefore we
set the time derivative on the left-hand side equal to zero. Using the trae ondition
Tr(ρ) = 1 and writing ρij as a vetor, the equations an be brought into the form
Aρ+ a = 0 , (2.14)
where A is an invertible matrix and the omplex onstant a appears beause of the trae
ondition. We then expand all quantities up to linear order in the weak probe eld
oupling. Both probe eld interation energies are small ompared to the harateristi
deay time of the system γ, so that the dimensionless numbers sE = d43 · εbEL/~γ,
sB = µ21 · (κ×εb)BL/~γ are small expansion parameters. Sine the equations of motion
are linear in the probe elds, suh an expansion is exat for A and a. The approximation
onsists of expanding the steady-state solution for the density matrix, whih is in general
nonlinear in the probe elds, to linear order. As we want to determine the index of
refration, whih is a linear response quantity, we neglet higher order terms and write
A = A(00) + sEγA
(10) + sBγA
(01)
a = a(00) + sEγa
(10) + sBγa
(01)





2.2. Linear Response in Terms of Coherenes
Colleting terms with the same probe eld order, one arrives at the following set of
equations
A(00)ρ(00) + a(00) = 0
sEγ
(









Note that in our onvention the rst order quantities have dierent units than the zero
order terms, beause we have fatored out γ. For example, the rst order density matrix
elements have units of time whereas the zero order elements are dimensionless. Inverting







A(01)(A(00))−1a(00) − a(01)) .
(2.17)
Now that we have alulated the steady-state density matrix of the system, we an
ompute expetation values of quantum mehanial operators of our system O, like
the indued eletri and magneti dipole moments, simply by taking the trae 〈O〉 =
Tr(ρO).
Finally, we note that the master equations an be solved analytially in the ase that the
subsystems {|1〉, |3〉} and {|2〉, |4〉, |5〉} are only onneted by the probe eld. Then, one
an rst fous on the two-level subsystem {|1〉, |3〉}, whih ontains the ground state, and
insert its stationary solution into the equations of the remaining states. It is reasonable
to neglet the oupling of the two subsystems via the deay hannel |3〉 → |2〉 by setting
γ32 = 0, sine this transition is eletri dipole forbidden. To be onsistent, we have to
set the populations ρ22, ρ44, ρ55 equal to zero. Clearly, we annot use this approah, if
we turn on inoherent pumping between the two subsystems. Even for zero pumping,
the analytial expressions are rather lengthy. Nevertheless, they provide an important
way to hek the numerial results.
2.2. Linear Response in Terms of Coherenes
When an atom is exposed to an eletromagneti eld (E,B), it beomes polarized due
to the Lorentz fore on its eletrons mαr¨α = qα(E + vα × B/c), where α runs over
the number of eletrons with mass mα and harge qα. If the external eld is weak,
whih is the ase for the probe eld (Eb,Bb), the indued eletri and magneti dipole
moments (p,m) are linearly related to the eld amplitudes at the position of the partile
(EL,HL). These elds will in general not be idential to the externally applied elds
(Eb,Bb), but ontain additional ontributions from the elds of polarized neighboring
partiles inside the probe. Assuming that the loal elds are weak as well does therefore
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pose an additional onstraint on the system, namely that the response is not too large.
We will later in Setion 3.1 disuss in detail how external and loal elds are related
to eah other and the impliations of the additional assumption that the loal eld is
weak. Note that the relations ontain the magneti eld HL instead of the magneti
indution BL. On the right hand side of the mirosopi response relations there are the
true elds at the position of a single partile inside the probe. Imagine that the partile
is plaed inside a small empty sphere. The eld inside this sphere is a superposition
of the externally applied eld and the polarization elds of the surrounding partiles.
Consequently, as always in vauum, the magneti eld HL is idential to the magneti
indution BL and the mirosopi linear response relations read
p = αEEEL + αEHHL
m = αHHHL + αHEEL .
(2.18)
The four response oeients, the eletri and magneti polarizabilites αEE, αHH as
well as the mirosopi hiralities αEH, αHE are, in general, omplex tensors of seond
rank. The reason we have to onsider ross-oupling of the eletri polarization to the
magneti eld and of the magnetization to the eletri eld is that our system ontains
an interation loop. The magneti response on transition |1〉 − |2〉 is inuened by the
eletri probe eld oupling via |1〉−|3〉−|4〉−|2〉 and vie versa. The response relations
Eqs. (2.18) are exatly alike the relations in a hiral system. Therefore, the ross-
oeients are alled hiralities and our system is referred to as being hiral. An example
of a onventional hiral system is a rystal with no mirror and inversion symmetries. Suh
a rystal is known to be able to rotate the polarization axis of inoming light, an ability
whih is alled optial ativity.
On the other hand, in quantum mehanis the dipole moments of a system are deter-
mined by its density matrix. In general, the expetation value of an observable O is






µ = gJµBJ ,
(2.19)
where the sum runs over all harges qα with position operators rα and gJ is the Landé
fator of the atom's total angular momentum J.
In order to alulate the expetation value of the dipole moments between two arbitrary
states dij = 〈i|d|j〉, µlm = 〈l|µ|m〉, one would need the atomi orbitals 〈r|k〉, whih are
known analytially only for the hydrogen atom.
However, the absolute values of the dipole moments are related to the spontaneous
14
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where λij, λlm are the wavelengths of the respetive transitions. The Wigner-Ekart
theorem guarantees that the vetorial properties, given by a spei hoie of magneti
sublevels, an be expressed by suitable Clebsh-Gordon oeients. The steady-state
expetation values of the dipole moments are then written as
p = Tr(ρd) = ρ˜43d34e
−iωbt + ρ˜34d43e
iωbt
+ other non-zero dipole elements
m = Tr(ρµ) = ρ˜21µ12e
−iωbt + ρ˜12µ21e
iωbt
+ other non-zero dipole elements .
(2.21)
We have used that the oherenes osillate with ρij = ρ˜ije
i(ωi−ωj)t
. We do not speify
other terms, beause we are interested in the response to the probe beam only. Therefore,
















As noted above, the polarizabilites and mirosopi hiralities are in general tensors of
seond rank. It is therefore a great simpliation to deal with a single omponent of the
tensors instead. This an be ahieved by hoosing a speial probe eld polarization. If
the eld is irularly polarized σ±, the magneti eld vetor of the plane wave an be
obtained from the eletri eld vetor by multipliation with a omplex number
BL = ∓iEL . (2.23)
This an be alulated, if we express the spherial basis vetors (e±1,e0) in terms of the
artesian ones (ex,ey,ez), whih yields







e0 = ez .
(2.24)
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We hoose the z-diretion as the propagation diretion of the probe eld kL = kbe0 and
assume that the loal eld opropagates with the external eld. Employing Maxwell's
equation for σ±-polarization (EL = ELe±1) gives
−B˙L/c = ∇× EL ⇒ ωbBL/c = kbe0 × ELe±1 ⇒ BL = ∓iEL . (2.25)
We use that e0 × e±1 = ∓ie±1 as an readily be alulated in the artesian basis.
Both elds are proportional to the same spherial basis vetor. This allows to deal with
only one omplex salar omponent, instead of the full vetorial and tensorial quantities.
To simplify notation, we will from now on assume that the probe eld is σ−-polarized
and note that the formulas have their obvious equivalent for σ+-polarization. As we are
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.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(2.26)
















where the phases Φd = Φµ are equal, beause the dierene between the magneti
quantum numbers of initial and nal states is the same for both probe eld transitions.
Note that the phase of the probe eld ΦE = kb · x + Φb ontains a spatial part, whih
depends on the position of the atom, and an absolute part Φb. The absolute part follows a
random walk over time, as the phase hanges randomly between two laser wave trains.
If we ompare the terms in Eq. (2.18) and Eq. (2.21) that osillate with the same
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and insert sE = d43,−1ELei(Φd+ΦE)/~γ and sB = iµ21,−1BLei(Φµ+ΦE)/~γ, we obtain ex-




















The diret oeients are independent of any phase. In ontrast, the ross-oeients
ontain the fator e±i(Φµ−Φd), whih is unity if the phases of both dipole moments are
idential. However, inserting the expliit expressions for the density matrix elements
reveals that they depend on the relative phase Φc = Φ31−Φ42 between the strong oupling
elds Ω31 and Ω42 as well. Although relative phases an be ontrolled in an experiment,
we note that negative refration in our system is aused solely by the diagonal terms
αEE, αHH . The fat that ontrol of the relative phases is not neessary, failitates an
experimental realization. Although possible, it is a hallenging task due to the motion
of the partiles.
We note that all the results for the refrative index are averaged over the oupling eld
phase Φc. Finally, in Figs. 2.2 and 2.3, we show typial mirosopi response oeients
for metastable Neon. It is evident that the phase averaged ross-oeients αEH, αHE
vanish.
In Fig. 2.2 the oupling eld phase was set to zero. The probe eld wavelength is
λ = 5µm and the parameters are hosen to maximize the ratio of real to imaginary
part of the refrative index. One reognizes that the ross-oeients are several orders
of magnitude smaller than the diret terms. It turns out that their inuene on the
refrative index is negligible in all ases that we onsider here.
The phase averaged oeients for the same parameters are shown in Fig. 2.3. Whereas
the diagonal oeients are unhanged, the ross-terms average to zero. This shows that
the ontrol of the relative phase is neessary, if the index of refration beomes negative
due to the terms αEH , αHE. Suh a system is presented in referene [16℄.
We examine the response oeients now in more detail. First, we reognize that the
gap in Neon is quite large ∆ = 2π ·104γ. Therefore, the eletri and magneti resonanes
are widely separated. To bring them loser to eah other, the strong oupling eld Ω54 is
applied. This auses an AC-Stark shift, that is as large as the gap and shifts the eletri
resonane to δ21 = 40γ. Therefore, αEE exhibits a resonane peak at this point. Turning
Ω54 o, the eletri resonane appears at δ21 = −∆, far o the region of detunings that
is shown in the gure. We note that we have dened the detuning in suh a way that
the magneti resonane ours at δ21 = 0.
Lastly, we notie that the magneti response is muh larger than expeted. The magneti
polarizability αHH ontains µ
2
21, whih is about α
2 ≈ 10−4 times smaller than d243,
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whih appears in the eletri polarizability αEE. Nevertheless, omparing the resonane
peaks shows that αHH is smaller than αEE only by a fator of 20. The reason for this
enhanement is that the magneti dipole moment is indued by eletri elds due to the
ross-oupling in the atom. The oherene ρ21 ontains the strong oupling elds Ω31
and Ω42.
18







































Figure 2.2.: Mirosopi response oeients αij in units of 10
−26
m
−3 for the parameters
Ω31 = 10
−3γ, Ω42 = γ, Φ42 = 0, Ω54 = (4π · 104 + 80)γ, δ31 = δ54 = 0,










































Figure 2.3.: Phase averaged mirosopi response oeients 〈αij〉 in the same units and
for the same parameters as in Fig. 2.2
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3. From Mirosopi to
Marosopi Response
3.1. Marosopi Material Parameters
Until now, we have foussed on the mirosopi response of a single partile inside the
sample. The eletromagneti eld at the position of the partile indues an eletri
dipole moment p as well as a magneti dipole moment m. Sine we are interested in the
response of the medium as a whole, we superpose the elds of all the individual dipoles
to obtain the marosopi polarization and magnetization
P = Np
M = Nm ,
(3.1)
where N is the number density of the partile. The marosopi linear response relations
read
P = χEEE + ξEHH/4π
M = χHHH+ ξHEE/4π ,
(3.2)
with the eletri and magneti suseptibilities χEE and χHH and the hirality oeients
ξEH , ξHE .
It is important to note that the mirosopi response relations Eqs.(2.18) ontain the
loal elds, whih are the true eletromagneti elds at the position of the atom. In
ontrast, the marosopi response relations Eqs. (3.2) ontain the average marosopi
elds E,H.
By "average marosopi eld" we denote a eld that is averaged over a lengthsale l
that is large ompared to the interpartile spaing d, but small on a marosopi sale.
In the ase of time-varying elds, the marosopi sale is given by the wavelength of
the eld λ. So we require
d≪ l ≪ λ . (3.3)
The denition of a dense medium an then be given as a medium, where many partiles
an be found in a ubi wavelength
Nλ3 ≫ 1 . (3.4)
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We will later nd that in order to ahieve negative refration at 5µm, the density must
be around 1017m−3. This orresponds to Nλ3 = 107 ≫ 1.
Furthermore, we neglet any polarization eets at the boundary of the system and set










Sine we are only interested in the response to the weak probe eld Eb,Hb, we Fourier
transform Eqs. (3.2) and fous on the response at the probe eld frequeny
P(ωb) = χEE(ωb)Eb + ξEH(ωb)Hb/4π
M(ωb) = χHH(ωb)Hb + ξHE(ωb)Eb/4π .
(3.6)
We now have to relate the external and the loal elds to eah other in order to eliminate
the loal elds from the response relations.
Suh a situation is well-known in solid-state physis, where for stati elds in a dieletri
medium, the mirosopi, loal elds EL,HL are related to the marosopi elds Eb,Hb
and the volume polarization, magnetization P,M, by the Lorentz-Lorenz formula [22,
23℄















where s = 0 for a ubi lattie or the isotropi ase. It turns out that the same relations
hold for time-dependent elds [19℄. We refer to this referene for the general proof and
restrit ourselves here to the stati ase. Moreover, it sues to disuss the eletri ase,
sine the magneti follows the same line of reasoning.
In the beginning, we again reognize that the true eld, that an atom is exposed to in
a dense medium, is not merely given by the average marosopi eld E. It is rather a
superposition of E and an internal eld E
int
. The internal eld takes into aount the
polarization elds of neighboring partiles: partiles in the immediate neighborhood,
in a region of size d3, and partiles further away. Whereas we have to sum over the
rst ones individually to determine E
near
, we an employ a marosopi desription to
determine the eld EP aused by the seond ones.
Therefore, the internal eld E
int





+ EP . (3.8)
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In the ase of ubi symmetry and isotropi media, the rst eld E
near
vanishes, beause
the ontributions of partiles that are related by symmetry anel eah other [22℄. It
remains to alulate EP . For stati elds this redues to a lassial eletrodynamis
problem, where we have to alulate the eletri eld in the enter of an empty sphere
whih is plaed into a uniformly polarized medium. The polarization will indue a





Aordingly, for the magnetization one nds HP =
4pi
3
M. If we now superpose the
externally applied elds Eb,Hb, we obtain Eqs. (3.7) for the loal elds.
In the following, we pursue two dierent approahes to eliminate the loal elds. In
the rst one we alulate the mirosopi response from the steady-state density matrix
and eliminate the loal elds with the Lorentz-Lorenz relations. This approah makes
an additional assumption about the loal elds and was hosen in referene [16℄. In the
seond approah we eliminate the loal elds already in the Hamiltonian and alulate
the marosopi response funtions diretly.
3.1.1. Loal-Field Corretion (LFC)
Here we assume that we an expand the steady-state solution of the density matrix
in the loal elds, whih gives us the mirosopi response relations as desribed in
Chapter 2.2. We now insert the Lorentz-Lorenz relations (3.7) to eliminate the loal
elds































If we now employ that αEHHL = p− αEEEL and one again that EL = E + 4πNp/3,
we arrive at
p = αEEE +
4π
3




































3. From Mirosopi to Ma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with the loal eld funtion Lloc = 1− 4pi3 NαHH− 4pi3 NαEE−(4piN3 )2 (αHEαEH − αEEαHH).
Going through the very same steps for the magnetization, we rst nd that







NαHE (αEEEL + αEHHL) .
(3.13)













Multiplying with the density N gives the marosopi polarization elds and we an


































(αHEαEH − αEEαHH) .
(3.15)
We derived these expressions under the assumption that the steady-state density matrix
an be expanded in the loal elds. This requires that, rst, the loal elds are not
equal to zero and seond that they are small ompared to the oupling elds. In terms
of the expansion parameters sE = d43 · εbEL/~γ and sB = µ21 · (κ× εb)BL/~γ this an
be expressed as 0 6= sE , sB ≪ 1.
In order to estimate the strength of the polarization elds, we study the loal eld
funtion more losely. If we neglet the hiralities for a moment and assume that the
loal elds are proportional to the external elds EL ∼ Eb, HL ∼ Hb, we an write
P/Eb ∼ NαEE and M/Hb ∼ NαHH . The terms on the right-hand side appear in the
loal eld funtion. From this, we dedue that the polarization elds beome larger than
the vauum elds, if |L
lo
| beomes muh larger than one. It is not lear, whether the
loal elds an then still be onsidered to be small. Furthermore, we have to be areful
whenever the (omplex) loal eld funtion beomes small, beause it appears in the
denominator of the response funtions. These orrespond to polarization elds that are
of the same order than the vauum eld. Then it is possible that both elds anel eah
other and the loal eld vanishes.
In order to study these issues more thoroughly, we need to alulate the marosopi
polarizations P,M diretly from the Hamiltonian, not based on any assumption about
loal eld.
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The seond approah that we are going to disuss now provides suh a way and we dedue
the marosopi quantities diretly from the solutions to the equations of motion.
3.1.2. Nonlinear Optial Bloh Equations (NOBE)
In the method presented in this setion, the loal elds are already eliminated in the
Hamiltonian using the Lorentz-Lorenz relations. As a result, the optial Bloh equations
beome nonlinear in the density matrix elements ρ43, ρ21 and their omplex onjugates.


















whih reets the fat that it is the loal elds whih drive the atom.
The ruial advantage of this approah is that we expand in the external elds rather
than the loal elds and that no assumptions about the loal elds are made.
We introdue the small expansion parameters ontaining the external elds wB =









































where εb is the polarization vetor of the probe eld. We onlude that P = 2Nρ˜43d34
and the amplitude of the loal eld is given by
EL = Eb +
4π
3




and orrespondingly in the magneti ase.
We immediately see that the nonlinear term beomes important, if the density is suf-
iently large. The aim is then to solve the nonlinear master equation and to extrat
the response in linear order in wE and wB. This diretly yields the suseptibilities and
hiralites.
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The master equation an be written in the general form
ρ˙ = L(ρ) , (3.20)
where the funtional L is nonlinear in ρ. As before, we are interested in the long-time
behavior of the solutions and thus want to solve L(ρ) = 0 instead. It turns out however
that it is alulationally easier to solve the dierential equation (3.17) by propagat-
ing spei initial onditions with a Runge-Kutta or similar algorithm. The reason is
that inverting the steady-state equations requires to disentangle the nonlinearly oupled
variables ρij .
Thus, we integrate ρ˙ = L(ρ), until the system has reahed its steady-state. We hek this
by hoosing dierent nal times that yield idential solutions. As we have to distinguish
between the terms that are proportional to the eletri eld and the terms that are
proportional to the magneti eld, we have to solve the equations for various parameters
wE or wB.
We then plot the steady-state values of the relevant oherenes ρ21 and ρ43 as a funtion
of either wE or wB. The eletri and magneti oeients an then be read o the slope
and the interept with the ordinate, respetively. More preisely, we know that
P
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From the steady-state results for dierent parameters wE , wB, we extrat slope and
interept to determine the response funtions.








If we vary wB keeping wE xed instead, we obtain from P (wB) = m











Of ourse, the results for the response oeients are the same with both methods. We
now proeed in the same way for the magnetization and nd from
M
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3.1. Marosopi Material Parameters
If we solve for the steady state of ρ21 for variable wE keeping wB xed, we get from
M = nwE + d that







Aordingly, if we instead keep wE xed and solve for dierent values of wB, we extrat










3.1.3. Comparison of LFC and NOBE
Let us summarize the essentials of both methods. First, by applying the method of
loal-eld orretions (LFC), one expands the steady-state density matrix up to rst
order in the loal elds EL and HL. The dimensionless expansion parameters are sE
and sB. Sine the value of the loal-elds is not known, we have to make the additional
assumption that they are nonzero and small.
Subsequently, the density matrix determines the linear response funtions and the po-
larization elds P,M. However, this method does not deal with the loal-elds in a
self-onsistent way and it relies on assumptions about the loal elds that annot be
proven within the formalism.
In ontrast, the nonlinear Bloh equations (NOBE) ontain the external elds Eb,Hb.
Therefore we an expand the steady-state density matrix in these elds, whih we an
ontrol externally. The expansion parameters are now wE and wb. We diretly alulate
the marosopi response funtions and polarizations. With this, we an alulate the
value of the loal elds and nd out whether they are small and nonzero.
The seond approah holds for arbitrary loal-eld strengths, in partiular for vanishing
or large loal-elds when it is not allowed to expand in the parameters sE or sB, beause
either one (or both) parameters are equal to zero (sE = 0 or sB = 0) or not small
ompared to unity (sE ≥ 1 or sB ≥ 1).
For small densities both methods yield the same results, beause the loal eld an be
negleted. In an intermediate regime, when the loal-elds are somewhat larger than
the external elds (sE , sB 6= 0 and wE , wB ≤ sE , sB ≪ 1), both methods should agree as
well. However, in hapter 4 we nd substantial dierenes in the results for the response
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funtions µ, ξEH and ξHE . They are related to the fat that the medium exhibits ross-
ouplings between eletri and magneti elds. We disuss this issue in more detail in
hapter 4, when we ompare results obtained from either method.
Finally we note that in priniple there is a third method to deal with the loal-elds [20℄.
It requires an analytial expression of the steady-state density matrix in the loal probe
elds EL,HL. Suh an expression holds for arbitrary eld strengths. Inserting the
Lorentz-Lorenz relation to eliminate the loal-eld and subsequently expanding in the
external elds, yields the suseptibilities and hiralities. This method is equivalent to
the NOBE-method, beause it does not require any additional assumption about the
loal-elds. Due to the omplexity of the level sheme, however, we are not able to nd
an analyti steady-state solution.
Having alulated the marosopi response oeients, we an proeed to determine the
refrative index. Beforehand, we explain why we do not have to solve the full Maxwell
equations in order to desribe the time-dependene of the eletromagneti elds.
3.1.4. Maxwell-Bloh Equations
Here we shortly remark on the time dependene of the equations motion. In general,
both the oupling elds and the probe elds are time-dependent. The time evolution
of the oupled systems of atoms and light elds is governed by the oupled system of





































( |j〉〈j|ρ+ ρ|j〉〈j| − 2|k〉〈j|ρ|j〉〈k| ) , (3.28)
where the Hamiltonian is in general nonlinear in the density matrix elements ρij .
We were able to suppress any time dependene in the Bloh equations by transforming
into the proper frame. We further regard the laser elds as plane waves, so that the
spatial and time derivatives an be replaed by ik and−iω, respetively. We observe that
the polarization elds at as soure terms in the Maxwell equations (3.38). Therefore,
we have to hek, whether the solution of the Bloh equations yields polarization elds
that osillate with frequenies dierent from the frequenies of the external elds.
Suh a eld would appear on the left-hand side of the Maxwell equation, produing
an eletromagneti eld that was initially absent. In this ase, we have to inlude this
emerging eletromagneti eld in the Hamiltonian. As a result, an additional Rabi terms
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arises that inludes only the polarization eld. We note that the system that we are
studying is self-onsistent in that the indued polarizations all osillate with a frequeny
of an external eld.
3.2. The Refrative Index of a Chiral Medium
In the last setions we alulated the suseptibilities χEE, χHH and hiralities ξEH, ξHE .
We proeed to dende the eletri permittivity ε and the magneti permeability µ as
ε = 1 + 4πχEE
µ = 1 + 4πχHH .
(3.29)
They determine the refrative index of the medium n. In media without ross-ouplings,




However, our system exhibits ross-ouplings and we have to onsider the additional
response oeients ξEH , ξHE. In this ase the relations between the eletri and mag-
neti elds E,H and the eletri displaement and the magneti indution D,B are
generalized to
D = εE+ ξEHH
B = µH+ ξHEE .
(3.31)
The eletri eld also inuenes the magnetization and the magneti eld the eletri
polarization.
We an simplify these equations onsiderably, if we work with a speial polarization of
the eletromagneti eld. If the eld is irularly polarized, only one omponent of the
linear response tensors is nonzero. Both eletri and magneti elds are proportional to




To alulate the refrative index, we employ Maxwell's equation in media
∇× E = −B˙
c















= µH+ ξHEE .
(3.33)
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Note that the eletromagneti elds are vauum elds (H = B), sine we onsider linear
response only. Therefore, all terms should be of linear order in the response quantities.
This is obvious on the right-hand side and for the left-hand side as well, if one noties
that |k| = nk0 = nω/c.
We hoose the oordinate system suh that the eld is irularly polarized σ± and
propagates into the z-diretion. Therefore, k = nk0ez and E = E0e±1 ⇒ H = ∓iH0e±1.
All vetor quantities are then proportional to the same basis vetor
nH0e±1 = (εE0 ∓ iξEHH0)e±1
∓inE0e±1 = (∓iµH0 + ξHEE0)e±1
(3.34)
whih an be written in matrix form as(












To nd non-trivial solutions to this set of ouples equations, it is required that the
determinant of the matrix vanishes
±iεµ − (∓iξEH − n)(∓in− ξHE) = 0
⇔ n2 ∓ in (ξHE − ξEH) + ξEHξHE − εµ = 0 .
(3.36)
Finally, solving this quadrati equation for the refrative index n±, orresponding to a
probe eld polarization of σ±, we nd
n± =
√
εµ− (ξEH − ξHE)
2
4










(ξHE − ξEH) .
(3.37)
The refrative index depends on the polarization of the probe eld and onsists of two
terms. We are now going to study under whih onditions we nd a negative real part
of the index of refration.
Let us rst take a look at the seond term: if, for example, iξ = ξHE = −ξEH , then
for ε, µ, ξ > 0 the refrative index beomes n+ =
√
εµ− ξ, whih is negative as soon as
ξ >
√
εµ. This new possiblity to obtain negative refration without requiring a negative
magneti permeability Re(µ) > 0 was rst disussed by John Pendry [24℄, who showed
that hiral metamaterials an be used to relax the traditional ondition of simultaneously
negative ε and µ.
However, we will nd that the hiralities in our system are orders of magnitude smaller
than ε and µ. Thus, we annot fulll the ondition ξ >
√
εµ. Therefore, the refrative
index an only beome negative due to the square root term.
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Figure 3.1.: Determining the refrative index for a passive system. The rosses denote
the eletri permittivity ε and magneti permeability µ, respetively. The
solid square denotes their produt n2 = εµ. The two square roots are shown
as open irles. In a passive system the physial solution is given by the red
irle with a positive imaginary part orresponding to absorption.
The square root term in the index of refration is a omplex funtion, whih an beome
negative depending on the branh hosen. We need a physial riterion in order to selet
the physially orret branh. Suh an argument an straightforwardly be found in a
passive system. These systems are, by denition, at least slightly lossy. Consequently
any marosopi response parameter must therefore have a positive imaginary part as
they desribe the absorption of eletromagneti radiation in the material:
Im(ε), Im(µ), Im(n) > 0 for passive systems. (3.38)
We still need to understand under whih irumstanes this results in a negative real
part of the root.
In order to simplify the disussion, we note that it turns out that the hiral oeients
are orders of magnitude smaller than ε and µ in our system. Their ontribution to the
square root an therefore be negleted.
Then, the refrative index of a passive system beomes negative, if the real parts of both
ε and µ are negative and larger than their respetive imaginary parts. Suh a situation
is shown in Fig. 3.1, where the rosses denote the values of ε and µ, respetively. Their
produt n2 = εµ is symbolized by the solid square. If we now take the square root,
we get the two solutions whih are shown as irles. Choosing the branh with positive
imaginary part (shown in red) yields an index of refration with a negative real part.
31
3. From Mirosopi to Marosopi Response
To summarize, in order to obtain a negative index in a passive system, we need Re(ε) < 0
and Re(µ) < 0, if the ross-ouplings are negleted. In the next hapter we will present
results for the idealized four-level and the realisti system of metastable Neon. These
systems will be passive, so that a negative index ours, whenever both real parts of ε
and µ beome negative.
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tion of a Passive System
Let us start this hapter with introduing the dierent systems that we disuss here. In
the present ontext, there are mainly two parameters that haraterize a system. First,





whih is determined by the energy of the magneti transition ε21, and seond, the size
of the gap
∆ = ǫ43 − ǫ21 . (4.2)
We will always work with a wavelength of 5µm, beause this is the wavelength that
ours in metastable Neon, whih is the experimental andidate that we have studied
most thoroughly. Dierent wavelengths require dierent experimental realizations of our
abstrat ve-level sheme, as for example other noble gases like Xenon, where λ = 1µm
or Krypton, where λ = 1.7µm. Detailed parameters of Xenon and Krypton are given in
Appendix C.
However, keeping the wavelength xed is not, ontrary to expetations, a restrition to
a speial ase, beause the material parameters (ε, µ, ξ, n) obey a saling law: they sale
with the density N and the wavelength aording to Nλ3. Changing the wavelength and
the density suh that this produt remains unhanged, yields the same results. On the
other hand, employing this law allows to vary only one of the two parameters, in our
ase the density, and translate it into hanges of the other parameter.
Whereas the wavelength is xed for a spei system, the gap an be hanged to a ertain
extent by applying either a stati magneti eld, whih auses a Zeeman shift of the
various levels, or a strong laser eld to transition |4〉− |5〉 resulting in an AC-Stark-shift
of |4〉. The gap determines the distane between the eletri and the magneti resonane
and from our numerial analysis we nd that in order to ahieve negative refration it is
required that the gap ∆ . 100γ. The exat value depends on the strength of the eletri
resonane.
The purpose of the fth level |5〉 is to redue the gap, if this annot be ahieved by a
magneti eld. It turns out that we an lose arbitrarily large gaps by setting Ω54 = 2∆.
However, it depends on the system, whether it is possible to obtain this Rabi frequeny.
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For instane in Xenon and Krypton, the strong laser eld Ω54 would most probably
ionize the atoms.
To summarize, the wavelength and the density are linked by a saling law and it sues
to vary the density keeping the wavelength xed. We hoose λ = 5µm, beause it
orresponds to the realisti system of Neon. The gap an be hanged by a magneti
eld or by laser oupling to the fth level. Closing the gap with a magneti eld is not
pratiable in the ase of the noble gases. However, this an be ahieved with a strong
laser eld Ω54, at least for Neon and Krypton.
Sine our alulations turn out to be robust against large values of Ω54, we an eetively
deal with a four level system. We refer to this system as the ideal system, where we an
set the value of the gap to any desired value.
4.1. The Ideal System
Before we present results for the realisti systems of dense metastable noble gases, we
begin with the investigation of an idealized system, where we are free to hoose the
parameters, suh as to obtain optimized results for the refrative index. However, we
are going to fous on situations whih are losely related to the realisti ases disussed
thereafter. Here, we also study the dependene on parameters independently, whih
might in a realisti ase be linked to eah other. For instane, hanging the density
is, at least in gaseous systems, aompanied by a hange of the ollisional deoherene
rate γC . Even though, one might envision an experimental system, where sattering is
strongly suppressed, as it is for example in doped rystals.
The most important simpliation made in this setion is that we assume that the gap
is small
|∆| . 150γ , (4.3)
allowing us to neglet the fth level, whose only task is to adjust for large ∆'s.
The parameters of the ideal system are as follows: the probe eld wavelength is λ = 5µm
and we hoose the gap to be ∆ = −40γ. By this, the eletri resonane is shifted to
δ21 = 40γ. The detuning δ31 is set to zero. The Rabi frequenies are set to Ω31 = 10
−3γ
and Ω42 = γ and, nally, the density is hosen to be N = 5 · 1017m−3.
The mirosopi response oeients αij , whih are alulated with Eqs. (2.30), for
this set of parameters are shown in Fig. 4.1. First of all, we notie that the diagonal
oeients are many orders of magnitude larger than the ross-oeients: whereas the
hiralities are of the order 1 (in the units used), the oeient αHH is of order 10
3
and
αEE rises up to 10
5
. From this, we onlude that the results for the refrative index are
not notieably aeted by the ross-oupling terms.
This is an important result, beause inserting the expliit expression for the density
matrix elements reveals that both αEH and αHE depend on the relative phase of the
34











































−3γ, Ω42 = γ, δ31 = δ42 = 0, ∆ = −40γ, γC = γ, N = 5 · 1017m−3,
λ = 5µm.
oupling elds Ω31,Ω42 whih we denote by Φc = Φ31 −Φ42. For example, the magneti
oherene is driven by the elds Ω31, EL and Ω
∗
42. Writing that Ω31(42) ∼ ei(kar+ωat+Φ31(42)),
one nds that ρ21 ∼ Ω31Ω∗42EL, so that αHE ∼ Ω31Ω∗42 ∼ eiΦc . Using laser elds
that are phase loked, one an set Φc to any desired value. However, requiring phase
ontrol might ompliate the experimental situation and it is therefore onvenient that
negative refration in our system ours due to the phase-independent oeients αEE
and αHH .
We note that this is in ontrast to the results of referene [16℄, where the negative index
of refration is due to a large negative imaginary part of the hirality αHE . Therefore,
in order to observe negative refration in this system, phase ontrol is neessary.
We are now going to alulate the marosopi response oeients using the LFC
expressions (3.15). Sine the inuene of the loal eld is nonlinear, the marosopi
response funtions are nonlinear in the dierent α's.
All marosopi response funtions ontain the loal eld funtion L
lo
. This funtion
is plotted in Fig. 4.2 and an be approximated, exept for the small struture at the
position of the eletri resonane, by L
lo
≈ −2.5 ·NαHH . This an be seen as follows.




≈ 16N2αEEαHH . (4.4)
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Figure 4.2.: Loal eld funtion L
lo
over the probe eld detuning δ21. The funtion is
dimensionless and the parameters are the ones from Fig. 4.1.
In this region, the funtion αEE is negative and at. Therefore, the struture around
zero is due to the magneti urve and inverted sine αEE < 0. Around the eletri
resonane, we an approximate
L
lo
≈ 4NαEE(4NαHH − 1) . (4.5)
Inserting numbers shows that 4NαHH ≈ 1, so that (4NαHH − 1) ≪ 1 and the eletri
resonane appears as a small struture.
In order to understand the hanges that our during the transformation from miro-
sopi to marosopi response funtions we examine the inuene of the loal eld
funtion on ε, µ, ξEH, ξHE in more detail.
First, we reognize that the resonanes of µ, ξEH, ξHE are shifted to δ21 = 40γ. This an
be explained by the fat that both real and imaginary parts of the loal eld funtion
beome very small around δ21 = 40γ. The shift ours, beause the loal eld funtion
appears in the denominator.
Sine physially suh a shift is not expeted, we urrently believe that this is a sign that
the loal eld orretion is invalid in that region, rather than being a physial loal eld
eet. Comparison with solutions of nonlinear OBE onrm this interpretation, as the
shift does not our in the nonlinear alulations. The resonane of µ appears around
zero, but is power-broadened. This an be explained by a nonlinear eld enhanement
in the medium. We note that in the LFC the real part of µ is negative up to δ21 = 40γ,
whereas the NOBE alulations yield that it is positive in this region.
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4.1. The Ideal System
The eletri permittivity ε is at as a funtion of the detuning, the real part is almost
onstant Re(ε) ≈ 2 for all detunings and the imaginary part almost vanishes. This an
be seen by using the approximations of the loal eld funtion we have presented above.




⇒ ε ≈ 1 + 4π(N(−4NαEEαHH)/Llo ≈ 1 + (−π) ≈ −2
(4.6)
and around δ21 = 40γ we an approximate
L
lo
≈ 4NαEE(4NαHH − 1)





≈ 1− π ≈ −2 . (4.7)
We want to systematially ompare the dierenes in the LFC and the NOBE results.
First, we note that both methods yield idential results for ε. However, for the other
response oeients we nd signiant deviations. Whereas the resonanes are narrow in
the LFC ase, with a width of approximately Γ
LFC
≈ 5γ, they appear broadenend in the
NOBE ase, with width Γ
NOBE
≈ 100γ. Sine the integrated area under both urves is




. Moreover, in the
LFC-ase the resonanes are shifted to the zero of the loal eld funtion at δ21 = 40γ,
whereas the resonanes are loated at the position of the mirosopi resonanes around
zero.
From the marosopi response funtions, we an alulate the index of refration with
Eq. (3.37). The results for the LFC and NOBE method are shown in Figs. 4.5 and 4.6.
In the LFC ase, the real part of the refrative index is negative for δ21 ∈ [−80γ, 40γ],
its value dereases linearly with values −5 < Re(n) < 0. The imaginary part is strongly
suppressed in this region, so that the resulting gure of merit FOM = |Re(n)/Im(n)
reahes a maximal value of max(FOM) = 61. The inset shows that the FOM is lose
to this maximal value for a ∆ω = 20γ-wide range of probe eld detunings. As a result,
light pulses with a length as short as τ = 1/∆ω = 1/20γ = 5nse an traverse the
medium with almost no absorption. The NOBE method yields muh worse results for
the FOM. The real part is negative in an inreased region and shows the broadening of
the response oeients and the imaginary part is larger by a fator of 50 than in the
LFC ase. The resulting gure of merit is bounded by FOM ≤ 3.
Thus, the two methods give very dierent results for the refrative index and in the next
setion we therefore investigate the system at lower densities, where we expet that the
solutions of LFC and NOBE look more alike.
4.1.1. Dependene on the Density and the Wavelength
Certainly, the most interesting parameter of the system is the wavelength of the probe
eld, beause negative refration would be partiularly useful for optial or at least
37


































Figure 4.3.: Marosopi response funtions orreted for the loal eld (LFC) for a
density of N = 5 · 1017m−3. Red urves denote real parts, blue urves
imaginary parts. The funtions are dimensionless and the parameters are
the same as for the mirosopi oeients in Fig.4.1: Ω31 = 10
−3γ, Ω42 = γ,







































Figure 4.4.: Marosopi response funtions from solving the nonlinear Bloh equations
(NOBE). Red urves denote real parts, blue urves denote imaginary parts.
The funtions are dimensionless and the parameters are the same as in
Fig. 4.3.
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Figure 4.5.: LFC-result for the index of refration. Real (red) and imaginary (blue) part
of the index of refration and the gure of merit (blak) (saled by a fator
of 1/10) as a funtion of the probe eld detuning δ21. The parameters are
the ones in Fig. 4.1. The small inset shows the gure of merit (again saled




















Figure 4.6.: NOBE-result for the index of refration. Real (red) and imaginary (blue)
part of the index of refration and the gure of merit (blak) (saled by a
fator of 1/10) as a funtion of the probe eld detuning δ21. Parameters are
idential to the ones in Fig. 4.3
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Figure 4.7.: Maximum value of the FOM on a semilogarithmi sale as a funtion of
log10N . The other parameters are Ω31 = 10
−3γ, Ω42 = γ, δ31 = δ42 = 0,
∆ = −40γ, γC = γ, λ = 5µm
near-optial frequenies, where urrent laser tehnologies ould be used. Although ap-
pliations of negative refration are sarely realized until today, mostly due to the high
losses that aompany the ourene of negative refration in most systems, there are
many possible appliations and the most interesting ones are in the optial or near-
optial frequeny domain. One of them is the superlens, a lens, whose resolution is not
limited by the wavelength of the light, but by material properties as the losses that
our in the medium. Sine the resolution is no longer wavelength limited, one does not
need true optial wavelengths. As long as the wavelength is in a range, where urrent
laser tehnology is available, as is for example in the near-infrared range, it would be
as valuable to have a superlens as it would be for optial wavelengths. If the superlens
was realized with a dense Neon gas, it would operate at ve mirometer, a wavelength
where laser soures are available.
Instead of the wavelength we an equally well hange the density of the system, em-
ploying the saling law χEE, χHH , ξEH, ξHE ∝ Nλ3 that holds for our system. In the
following we will therefore always vary the density, whih an be translated into hanges
in the wavelength.
In the LFC ase we found a maximal gure of merit of max(FOM) = 61. In order
to estimate the role of the density, we alulated the maximal value of the FOM for
dierent densities and show the results in Fig. 4.7.
We observe that the maximal value of the FOM sales with the density, and for N =
5 · 1016m−3 we nd FOM= 6. Using the saling law, we predit a FOM=6 for a
wavelength of 600nm and an inreased density of 2 · 1019m−3.
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4.2. Parameter Ranges of Experimental Candidates
We now ompare results of the LFC and NOBE methods for a smaller density of N =
5 · 1016m−3. The marosopi response funtions are shown in Figs. 4.8 and 4.9.
As before, the results for ε are idential in both ases. The most apparent dierene
ompared to the ase of higher densities is that the resonane of µ, ξEH, ξHE is not shifted
anymore in the LFC-results. They our around zero detuning, whih is the same as in
the NOBE results. This indiates that the resonane shift that ours at higher densities





= 20γ. As a result, the maximal values of the funtions
are redued in the NOBE by a fator of 4. Finally, we note that the shape of ξHE is
not idential in both ases indiating that there is a fundamental dierene between the
NOBE and the LFC method, and the NOBE results are not just broadened versions of
the LFC results.
We also ompare the refrative index obtained from either method and nd in the LFC
ase that FOM≤ 6 and the range of detunings, where the real part of n exeeds the
imaginary part is given by [−10γ, 5γ]. The NOBE results look similar in this ase, the
FOM is bounded by FOM≤ 1.5, and the range of detunings, where FOM≥ 1 is given
by [−10γ,−2γ]. In both ases the real part has the shape of a distorted and broadened
Lorentz peak and the imaginary part is of dispersion-like Raleigh form. Even at lower
densities though, the results of the NOBE alulation deviate from the LFC ase and
give worse results.
4.1.2. Dependene on the Collisional Dephasing Rate
Here we alulate, how a hange in the ollisional deoherene rate γC inuenes the
index of refration. The results are shown in Fig. 4.12.
We observe that the maximum of the gure of merit grows very fast for γC → 0 and
deays relatively slow for larger deoherene rates. Even for γC = 12γ the gure of
merit is still FOM= 6. This shows that the system is quite robust against additional
deoherene.
The range of probe eld detunings Re(n) < 0 stays almost onstant up to a ollision rate
of γC = 30γ, with a value that is between 100γ and 120γ. Thereafter it deays rather
quikly to zero.
4.2. Parameter Ranges of Experimental Candidates
Let us rst outline the parameter ranges of experimental systems that an be used
to realize our model system. Experimental systems, where the ve-level struture of
our model an be found, are for instane metastable noble gases [15℄. It is likely that
they an also be found in rare-earth doped rystals, where eletromagnetially indued
41



































Figure 4.8.: Marosopi response funtions in LFC for a number density of N = 5 ·
1016m−3. Other parameters are Ω31 = 10−3γ, Ω42 = γ, δ31 = δ42 = 0,







































Figure 4.9.: Marosopi response funtions alulated with NOBE for a number density
of N = 5 · 1016m−3. Also the other parameters are the same as in Fig. 4.8.
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Figure 4.10.: Index of refration alulated using LFC for a density of N = 5 · 1016m−3.
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Figure 4.11.: Index of refration alulated from NOBE for a density of N = 5·1016m−3.
Also the other parameters are as in Figs. 4.10.
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Figure 4.12.: Inuene of the ollision deoherene rate γC on the maximum of the FOM
and the range of negative n. The other parameters are Ω31 = 10
−3γ,
Ω42 = γ, δ31 = δ42 = 0, ∆ = −40γ, γC = γ, N = 5 · 1017m−3, λ = 5µm.
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4.2. Parameter Ranges of Experimental Candidates
transpareny (EIT) was suessfully realized some years ago [25℄, and in quantum dots,
whose level struture depends on the geometry of the dot. However, in this work we will
fous on metastable noble gases and in partiular Neon.
These atomi systems possess a losed eletron shell, whih makes them hemially inert.
On the other hand, if an eletron is exited out of this shell to a higher state, its spin-
orbit interation with the remaining ore is very large. States that are split due to the
spin-orbit interation dier only by their total angular momentum, ergo they have the
same parities, main quantum numbers and the angular momenta of the subsystems that
ouple to eah other are also the same for both states. Therefore, they are onneted
by a magneti dipole transition (M1). In the ase of the noble gases, the interation is
so strong that the transition wavelength lies in the infrared part of the spetrum. The
wavelength of the transition in Neon, for example, is λ
Ne
= 5.4µm, in Krypton it is
λ
Kr
= 1.7µm and in Xenon λ
Xe
= 990nm. Furthermore, some states with one eletron
exited to the next higher lying s-orbital (np4(n + 1)s) have an angular momentum
of J = 2 and are not onneted by an eletri dipole transition to the overall ground
state np6, whih has J = 0. Hene, these states are metastable and represent the ground
state |1〉 of our model system and the magneti transition then ours between the states
|1〉 − |2〉.
However, in addition to a large magneti splitting, our level sheme requires that there
exists an eletri dipole transition (E1) of almost the same energy as the magneti one.
Suh a transition, whih is between the states |3〉−|4〉 in our model, an lukily be found
in Neon, Krypton and Xenon. Of ourse, the eletri and magneti transition energies
are not exatly equal ∆ = ǫ43 − ǫ21 6= 0 in these realisti systems. Fortunately, this
non-degeneray gap ∆ an be ontrolled by either a stati magneti eld B0 or a strong
laser oupling Ω54 to the fth level.
Although both probe eld transitions are between the same magneti sublevels, the gap
hanges with the applied magneti eld strength, beause the levels have dierent Landé
fators. The detailed alulation of the dierent Landé fators for the noble gases an
be found in Appendix A. For instane in Neon I, the gap hanges with the magneti
elds as ∆(B0) = ∆(0) + 2µBB0/3. However, the gap is quite large ∆(0)Ne = 100GHz
and vanishes only for a huge magneti eld of B0 = −10.7051 T. In Krypton and Xenon
one would need even higher magneti elds to lose the gap.
It is therefore muh easier to ontrol this gap by a strong and resonant laser oupling
Ω54 of the fourth and the fth level. This auses the energy ǫ4 to be AC-Stark-shifted
to ǫ4 → ǫ4 ± |Ω54|/2, whih an also be regarded as the emergene of an Autler-Townes
doublet (for more details see Se. 4.3.1). As a result the gap is redued eetively
to ∆′ = ∆ − |Ω54|/2. Changing the eetive gap ∆′ shifts the eletri and magneti
probe eld resonanes with respet to eah other. Whereas the magneti resonane
always ours at zero probe eld detuning δ21 = 0, the eletri resonane is shifted to
δ21 = −∆′.
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4. Results for the Index of Refration of a Passive System
These elds must be quite strong, for instane in the ase of Neon, the Rabi frequeny
required to lose the gap is Ω54 = 2∆ = 4π · 104γ. If suh a strong eld is applied, one
must hek, whether Ω54 ≪ ω54 is still fullled so that the RWA is valid. We give a
detailed analysis of this issue in Appendix C. There we show that the approximations
we use are still valid in the ase of Neon, but some hanges are required in the ase of
Xenon.
As already mentioned, a typial deay rate for eletri dipole (E1) allowed transitions in
noble gases are γ = 107Hz, whih is given in units of angular frequenies. The deay via
transitions whih involve two photons E2 or a magneti dipole are typially suppressed
by two orders of the ne struture onstant α = 1/137 and onsequently we set




, if |i〉 − |j〉 is M1 . (4.8)
In addition to deay due to spontaneous emission, we also onsider deoherene that
is indued by phase-destroying ollisions between the partiles. We desribe this phe-
nomenon by a single onstant γC whih is added to the deay rates of the oherenes
γ˜ij only. Population hanges an be negleted in our ase, sine the kineti energies of
the olliding partiles at room temperature and below are muh smaller than a typial
distane between two energy levels. Sine ollisions our more frequently for larger
densities, the rate γC sales, at least in a gaseous system, as the density. A given rate γC
orresponds to a partiular density of the system. In Appendix B we provide a more om-
prehensive disussion of the physial mehanisms and alulate the gas densities whih
orrespond to the ase γC ≈ γ, whih we will always assume in the following. Certainly,
if γC beomes muh larger than γ, the ourrene of negative refration, whih relies
on the quantum oherene between dierent states, disappears. However, as shown in
Se. 4.1.2 the eet of negative refration is not too sensible to hanges of γC .
The remaining free parameters are the laser frequenies and intensities, whih are ex-
pressed as detunings δij = ωij + ǫij/~ and omplex Rabi frequenies Ωij = dij · Ek/~
respetively. Note again that only two detunings are free to hoose, beause we demand
that ωa = ωc, sine we want to onsider the ase, where the right hand side of the optial
Bloh equations an be transformed to a time-independent frame. Then, the Maxwell-
Bloh equations are self-onsistent in that the polarization and magnetization osillate
only with the frequenies of the applied eletromagneti elds. The third detuning is
given by
δ42 = δ31 +∆ with∆ = ǫ43 − ǫ21 . (4.9)
Finally, the wavelength of the probe eld transition an be regarded as a parameter as
well, if we treat the system from a more theoretial point of view. Certainly, nding
experimental andidates with a orresponding level sheme is not easy. However, if we
pass down the group of rare gases from Neon to Xenon, the probe eld wavelength
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hanges from λ
Ne
= 5.4µm to λ
Xe
= 990nm. We note that the wavelength enters the











The smaller the wavelength is, the smaller the dipole moments are and hene, the weaker
the response beomes. On the other hand, one an use the density to enhane the
response, as expressed in the saling law ε, µ, ξ ∼ Nλ3.
4.3. Metastable Noble Gases
4.3.1. Neon
A dense gas of metastable Neon is the experimental andidate that we have studied most
thoroughly, beause its parameters are partiularly favorable and negative refration
an be obtained for reasonable densities. The essential dierene to the ideal four-level
system that was studied in the last setion, is the fat that the energies of the eletri
and magneti probe eld transitions are not exatly equal, but their dierene is given
by
∆ = 0.1THz = 2π104γ . (4.11)
This gap will be losed by a strong and resonant laser oupling of the upper level of the
eletri probe eld transition, the fourth level, to the fth level. This oupling auses
an AC-Stark shift that brings the fourth level lose to resonane again. This an be
understood in terms of dressed states in the following way. Sine of the strong laser eld,
the subsystem of the fourth and the fth level should be desribed in terms of eigenstates
of omposite system of bare states plus photons n of the strong laser eld. The states
|4, n + 1〉 and |5, n〉, where n denotes the number of photons in the mode of the strong
laser eld, are energetially degenerate, if the eld is resonant. Under the inuene of the
interation, they mix and give rise to the two dressed states |+, n〉 = 1√
2
(|4, n+1〉+|5, n〉)
and |−, n〉 = 1√
2
(|4, n + 1〉 − |5, n〉), whih are separated in energy by ~Ω54, the Rabi
frequeny of the laser eld. The eletri probe eld transition starts from |3〉, whih is
not perturbed by Ω54, sine it is far-o resonant for any other transition, and an now
end either at |+〉 or |−〉, depending on the detuning. This doublet in the spetrum of
the eletri probe eld omponent is generally alled Autler-Townes doublet [26℄. The
dressed state |−〉 is downshifted by Ω54/2 ompared to the bare energy level |4〉 and the
dressed state |+〉 is upshifted by the same amount.
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Figure 4.13.: Mirosopi response oeients for Neon. Parameters are given by Ω31 =
10−3γ,Ω42 = γ,Ω54 = (4π · 104 + 80)γ, δ31 = δ54 = 0,∆ = 2π · 104γ, γC =
γ, λ = 5µm,N = 5 · 1017 m−3
Beause the eletri and magneti probe elds are the two omponents of a single ele-
tromagneti eld, the eletri probe eld frequeny is idential to the magneti probe
eld frequeny. If we hoose the probe eld to be resonant with the magneti transition
(δ21 = 0), the eletri probe eld is detuned by ∆. Turning on the additional eld and
hoosing the intensity suh that Ω54 = 2∆, the lower dressed state |−〉 is shifted exatly
into resonane with the eletri probe eld omponent. For vanishing δ54 the dressed
states are an equal superposition of |4〉 and |5〉. Therefore, the size of the area under
eah resonane peak of αEE is one half of the size of the area under the original single
peak. Sine the peaks have the same shape, the maximum of αEE for the ideal system
is twie as large as the maximum in the ase of Neon. Apart from this, all mirosopi
response oeients are idential in the ideal and the Neon ases.
Before we proeed, we want to remark that as the eld Ω54 is really strong we have to
hek, whether any of the assumptions that we made in the alulation, are violated.
For example, we assumed that the Rabi frequenies are small ompared to the transition
frequenies. Sine we are going to hoose Ω54 to be of the size of the gap, this is still
the ase as ∆ = 0.1THz ≪ ǫij ≈ 100THz. In addition, we have to estimate to whih
extent the strong eld drives other transitions o-resonantly. As we show in Appendix C,
in Neon, we do not, to a good approximation, drive any neighboring transition, whih
would lead to depopulation in our system.
The refrative index an be alulated from the marosopi response and is shown in
Fig. 4.15. Comparison with the ideal system (Fig. 4.5 reveals that the gap ∆ an be
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losed by the strong laser eld Ω54. The refrative indies look very similar. How-
ever, a lose inspetion shows that the urves are not exatly idential. The maximal
value of the gure of merit in the ideal system was max(FOM)
ideal
= 62, whereas it is
max(FOM)
Neon
= 60 in the Neon ase. Choosing the Rabi frequeny Ω54 = 2(∆ + ∆˜)
orresponds to a gap of size ∆˜ in the ideal ase. Altogether, losing the gap by AC-Stark
shifts aused by strong laser elds works extremely well for LFC-alulations.
4.3.2. Xenon and Other Noble Gases
The exat parameters of Xenon are listed in Appendix C. The most important dierenes
to Neon are that the probe eld wavelength is λ = 990nm and the gap is even larger
∆ = 5.35THz ≃ 30 · 105γ . (4.12)
Closing it by a strong oupling eld Ω54, as in Neon, is no longer realisti, sine we would
have to onsider that this eld drives other transitions, that start or end on either state
|4〉 or |5〉, as well. In addition, the strong laser eld would also lead to ionization of the
atom.
To estimate the value for the density that would be required to observe negative re-
fration, we employ the saling law and note that one nds a FOM = 6 for the pair of
(λ,N) = (5µm, 5 · 1016m−3) and orrespondingly for the pair (990nm, 6 · 1018m−3).
In Krypton, the probe eld wavelength would be λ = 1.7µm and the gap is approximately
twie as large as in Neon
∆ = 220GHz ≃ 4π · 104γ, . (4.13)
Moreover, the parities of the states |3〉 and |4〉 are interhanged, meaning that |1〉 − |3〉
is an E1-transition and |2〉 − |4〉 is an E2-transition. To aount for this, we have to
hoose Ω42 ≪ Ω31, whih gives generally worse results than Ω31 ≪ Ω42, beause the
absorption on the eletri probe eld transition is inreased due to an inreased level
population ρ33. The refrative index for Krypton with parameters similar to the ase of
Neon is shown in Fig. 4.16. Here, the gure of merit reahes values up to 20 and the
range of FOM≥ 1 has a size of approximately 60γ. Note that we have used the saling
law to predit the density neessary to ompensate for the smaller wavelength.
4.3.3. Comparison with Current Results using Metamaterials
The onept of metamaterials goes bak to the ideas of John Pendry [3℄ and oworkers,
whih, in order to reate a material that had eletri and magneti resonanes in the
same frequeny band, suggested to use a omposite system, made of an array of two





LC , that would exhibit a magneti resonane in the GHz-range, and the
seond element was a simple wire struture that ated as a low-density plasma with a
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Figure 4.15.: Refrative index of Neon. Parameters are as in Fig. 4.13
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Figure 4.16.: Refrative index of Krypton. The paramaters are hosen in suh a way
to failitate a omparison with the Neon ase is :Ω31 = γ, Ω42 = 10
−3γ,
Ω54 = 2(4.4π · 104 + 80)γ,δ31 = δ42 = 0,δ54 = 0, ∆ = 4.4πγ, γC = γ,
N = 1.27 · 1019m−3, λ = 1.7µm. The deay rates are adjusted to the
parities in Krypton.
resonane frequeny ωp = Ne
2
0/m2 downshifted to the GHz-range. The little magneti
and eletri dipoles are arranged in a periodi way with a lattie onstant a that is muh
smaller than the wavelength. For a frequeny that lies in the GHz-range this is not a too
restritive ondition, sine the wavelength is then a few m. The medium is eetively
desribed by an eletri permittivity ε and a magneti permeability µ, that are both
negative, sine the indient radiation annot spatially resolve the single omponents.
The rst strutures were built in 2001 in the group of Smith [9℄ operating in the GHz
range. Further minituarization over the last years produed metamaterials that show
negative refration for higher frequenies. Today, with elements that are nanometer-
sized, it was possible to realize negative refration for visible light [11℄. The gure of
merit in this experiment is bounded by FOM ≤ 0.5 and for a similar metamaterial [10℄,
built by the same group, that was operated at λ = 1.4µm, they obtained a FOM ≤ 3.
These values have to be ompared with our results. Using the NOBE method we obtain
best values of FOM ≃ 3 for a wavelength of λ = 5µm and a density of N = 5 ·
1017m−3 omparable to the values obtained in the experiments. However, as disussed
in the next hapter, we an signiantly improve the gure of merit, in both ases, by
applying another light eld, whih transfers population from state |3〉 to state |2〉. In
this way, we observe gain of the probe eld, the medium beomes ative. In ontrast,
all metamaterials that were built so far are passive materials.
This possibility, whih renders the system ative, is disussed in the next hapter. In
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ontrast, all metamaterials that were built so far are passive materials.
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5. Inoherent Pumping: The
Pathway to an Ative System
This hapter ontains the main results of this work, whih is substantial negative re-
fration with stritly zero absorption. This remarkable behavior turns out to be quite
robust against parameter hanges and is obtained for both the ideal system and for Neon.
Moreover, we nd suh a lossless negative refrating region in the loal-eld orreted
(LFC) as well as the fully nonlinear (NOBE) results, albeit with a dierent mehanism
in the latter ase. There, the system shows lossless negative refration in a region where
the real parts of ε and µ are positive. Sine the imaginary parts of ε and µ have opposite
signs, this an result in a negative index of refration.
These results greatly improve the performane of the system ompared to Ch. 4. They
are obtained by a simple modiation: in addition to the oherent laser elds, we apply
an inoherent light eld. This eld is desribed in the Hamiltonian as a pumping rate
between the states |3〉 and |4〉. In this way we an generate gain in the eletri probe eld
omponent ompensating the loss in the magneti omponent. The overall absorption
dereases and an even beome negative Im(n) < 0 orresponding to ampliation. In
between the system exhibits truly lossless negative refration.
We now explain in more detail the physial mehanism that leads to redued absorption
or gain of the probe beam. Afterwards, we present results for the various systems and
alulation methods of Chapters 3 and 4.
5.1. Physial Mehanism: Population Inversion on a
Two-Photon Transition
We apply an inoherent light eld to our system, whih ouples the states |3〉 and |4〉
inoherently. This is desribed by introduing the pumping rates r34 = r43 = r in the
Hamiltonian, transferring population in both diretions. We hange the deay rates of
this transition to γ43 = γ + r43 and γ34 = r34.
The atom is exited from state |3〉 to |4〉 from whih it then deays quikly to both |2〉
and |3〉. The deay to the ground state from these states takes plae slowly, beause the
deay rates γ21, γ31 = α
2γ are smaller by a fator α2. Altogether, the populations ρ22
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and ρ44 inrease at the expense of ρ33 and, already for a relatively weak pumping rate
of r ≃ 0.05γ, the population ρ22 exeeds ρ33.
The states |2〉, |3〉 are onneted by a two-photon transition, involving the eletri probe
eld Eb and the oupling eld Ω42. If the atom starts for example in state |2〉, it an
absorb a photon from the oupling eld and emit a photon into the probe eld mode,
thus arriving in state |3〉.
If the population ρ22 is greater than ρ33, the transition ours more often in the diretion
|2〉 → |3〉, whih involves the emission of a probe eld photon. Hene, for
ρ22 > ρ33 (5.1)
the two-photon resonane leads to an ampliation of the probe eld. This resonane
always ours at δ21 = 0. It is independent of the loation of the fourth level, beause it
involves a virtual level. This virtual level is separated from |4〉 by the gap ∆.
However, there is also the single-photon resonane of the probe eld between the states
|3〉 − |4〉, whih ours at the detuning δ21 = −∆. As the population in the lower
level exeeds the upper one, ρ33 > ρ44, the probe eld is damped. If both resonanes
are overlapping (∆ ≈ 0), the overall behavior will be determined by the single-photon
transition. Yet, if it is shifted suiently far away from zero by inreasing the gap, the
two-photon resonane will dominate in the region, of small detunings. As pointed out
before, depending on the population dierene between ρ22 and ρ33, this an lead to gain
in the eletri probe eld. We nd that a small inversion sues to obtain substantial
ampliation.
Altogether, we an amplify the eletri probe eld by ahieving a population inversion on
the two-photon transition |3〉−|2〉, whih ours at zero detuning. Shifting the dominant
single-photon transition |3〉 − |4〉 away from zero by inreasing the gap ∆, there will be
gain in the eletri probe eld for small detunings. This an ompensate for the losses in
the magneti omponent probe eld and the wave travels through the medium without
losses.
5.2. Results: Lossless Negative Refration
Here we present the ourrene of negative refration with zero absorption in Neon as
well as the ideal system. Even more importantly, it ours in both the LFC and the
NOBE alulation shemes. Espeially in the latter ase, this is quite remarkable, sine
the gure of merit without pumping is only of the order one.
The applied pump eld is weak and operates in both diretions, meaning that atoms are
transferred from |3〉 to |4〉 and vie versa. It turns out that already a small population
exess in state |2〉 ompared to |3〉 sues to observe substantial gain in the eletri
probe eld omponent Eb. This manifests itself in a negative imaginary part of ε, whih
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an ompensate for the positive imaginary part of µ. Pumping also aets the real part
of ε, whih beomes less negative and eventually positive. As a onsquene the real part
of the refrative index also rises, but remains negative, even when the real parts of ε and
µ beome positive. The imaginary part of n passes smoothly through zero for inreased
pumping. Afterwards the system shows negative refration with gain in a small region
of probe eld detunings.
The hapter is divided into two parts: in the rst part we present loal-eld orreted
results (LFC) of Neon and the four-level system. In the seond part we show solutions
of the nonlinear Bloh equations (NOBE) for the four-level system. The latter ase
is speial, beause we nd lossless negative refration in a region of positive magneti
permeability. We therefore address the issue of relaxing the onditions to obtain negative
refration.
5.2.1. Loal-Field Correted Results (LFC)
Ideal System
In order to obtain zero loss in the four level system, we have to apply a weak pumping
eld of r34 = r43 = 0.025γ between the states |3〉 − |4〉. This transfers population
from ρ33 to ρ22 and we nd the steady-state values ρ11 = 0.99, ρ22 = 8 · 10−3, ρ33 =
1 · 10−3, ρ44 = 10−4. The population in state |2〉 exeeds the one in |3〉, whih leads to
an ampliation of the eletri probe eld omponent anelling the absorption of the
magneti omponent (ρ11 ≫ ρ22). This beomes apparent in the marosopi response
funtions, whih are shown in Fig. 5.1.
Examining the eletri permittivity ε, we observe the two-photon resonane peak at
δ21 = 0. The real part of ε is negative in this region due to the one-photon resonane
|3〉 − |4〉 loated at δ21 = 125γ. The imaginary part beomes negative around zero
detuning forming an inverted Lorentz peak, whih orresponds to gain in the eletri eld
omponent. Comparing these oeients to the ones obtained for similar parameters of
the passive system in Fig. 4.3, we nd that µ is unhanged from the passive situation.
Even in the ative system, the magneti omponent is absorbed. The ross-ouplings are
larger by a fator of the order 103. However, they are still small ompared to ε and µ.
Note that the dierene in the value of ε stems from the fat that the gap ∆ is smaller
in the passive situation, where the one-photon resonane |3〉 − |4〉 ours at δ21 = 40γ.
The orresponding refrative index is shown in Fig. 5.2. The imaginary part exhibits
a zero for the detunings δ21 = −0.5γ and δ21 = 0. In between the system shows
small gain. The real part takes a value of Re(n) = −2.5 in this range. Thus we
observe lossless negative refration. Furthermore, the absorption is strongly redued in
a whole range of width γ = 10MHz. As a result, eletromagneti pulses with a length
of τ = 1/γ = 100nse an travel unattenuated through the medium. We note that
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Figure 5.1.: Marosopi response of the four level system with pumping eld r34 = r43 =
0.025γ. Obtained with LFC method. Other parameters are given by Ω31 =
6 · 10−3γ,Ω42 = 5γ, δ31 = 0,∆ = −125γ, γC = γ, λ = 5µm,N = 5 · 1017 m−3
one nds the same results, if the pumping eld is applied in the upper diretion only
(r43 = 0).
Inreasing the pumping rate leads to more gain in the eletri eld and an enlarged
negative imaginary part of ε. To study the inuene of variable pumping rates, we plot
the refrative index in Fig. 5.3 for several values of r34 = r43 = r. We observe that the
real part slightly inreases, but remains substantially negative. It develops a dispersion-
like struture (Raleigh form) at zero detuning due to inreasingly strong two-photon
resonane. On the other hand, the imaginary part develops a negative dip (Lorentzian
form) around zero detuning, whih reahes zero for a pump rate of r = 2.5 · 10−2γ. If
we further inrease r, the region amplies the probe beam for a region of detunings.
This region grows up to 4γ for a pumping rate of r = 5 · 10−2γ. The maximal gain for
this rate is given by Im(n) = −0.11. Compared to the initial absorption oeient of
Im(n) = 0.04, we notie that the system exhibits gain that is larger than the losses in
the passive system.
If we fous at a single detuning, for instane δ21 = 0, we nd that without pumping
the refrative index is given by Re(n) = −2, Im(n) = 0.04. At the position of zero
loss, the real part takes a value of Re(n) = −1.85. The zero ours for the detunings
δ21 = −0.5γ and δ21 = 0. For the highest pump rate r = 5·10−2γ, we nd Re(n) = −1.75,
Im(n) = −0.08. Zero loss ours at δ21 = −2.5γ and δ21 = 1.5γ.
The pumping an be further inreased, while the real part is still signiantly negative.
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As a result the detuning of zero loss an be shifted to larger detunings.
Neon
In Neon we apply a weak inoherent light eld to the same transition |3〉 − |4〉. The
eetive transfer of population from |3〉 to |2〉 and |4〉 is not aeted by the presene
of the additional laser eld Ω54. We note that we obtain the same results, if we pump
between the levels |3〉 − |5〉. As long as we transfer population from the subsystem
{|1〉, |3〉} to the subsystem {|2〉, |4〉, |5〉}, we observe gain in the eletri probe eld, one
the population ρ22 exeeds ρ33.
The index of refration of Neon for a pump rate of r = r34 = r43 = 1.65 · 10−2γ is shown
in Fig. 5.4. We reognize that the urve is very similar to the one of the four-level system
in Fig. 5.2. Again we observe lossless negative refration in a region around δ21 = 0. At
these points, the real part is negative Re(n) ≈ −2. The gas of metastable Neon shows
negative refration and is ompletely transparent to a probe beam of this frequeny.
This onrms that we an equally well ouple to the dressed state |−〉 = 1√
2
(|4〉 + |5〉)
as to the bare state |4〉. The hoie of Ω54 shifts the dressed level to δ21 = 120γ, very
lose to the position of the bare level |4〉 in the four-level ase. However, the pumprate
is slightly smaller in Neon, due to the fat that the eletri oupling is redued by a
fator of 2. The other parameters are idential to the four-level ase.
Finally, we remark that, if we desribe Krypton and Xenon as ve-level atoms, they
exhibit lossless negative refration as well.
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Figure 5.2.: Above: Refrative index of the four level system with pumping eld r34 =
r43 = 0.025γ. The FOM goes to innity as a result of zero absorption around
zero detuning. Other parameters are as in Fig. 5.1. Below: Detail of Im(n)
shows zero absorption.
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Figure 5.3.: Index of refration of the four level system for various pumping rates
r = r34 = r43. The arrow denotes the diretion of inreased pump-
ing. The dierent rates in units of 10−2 γ are in asending order
{0, 2, 2.25, 2.5, 2.75, 3.25, 5}. Other parameters are as in Fig. 5.1.
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Figure 5.4.: Index of refration of Neon for the pump rate r34 = r43 = 1.65 · 10−2γ.
Other parameters are given by Ω31 = 6 · 10−3γ,Ω42 = 5γ,Ω54 = (4π · 104 +
240)γ, δ31 = δ54 = 0,∆ = 2π · 104γ, γC = γ,N = 5 · 1017m−3, λ = 5µm.
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5.2.2. Results from the Nonlinear Optial Bloh Equation
(NOBE)
In this setion we show that the system exhibits lossless negative refration, even if we de-
sribe it with nonlinear Bloh equations. This is a partiularly important result, beause
the NOBE-method gives muh worse results than the LFC-method in the ase of passive
systems (see Chapter 4). The gure of merit was redued from over max(FOM)
LFC
= 60,
using LFC in Fig. 4.5 to only max(FOM)
NOBE
= 3, using NOBE in Fig. 4.6.
The most apparent dierene between the NOBE and the LFC results is that the mag-
neti permeability µ is onsiderably broadened, if we use the NOBE-method. This
results in a redued real and an enlarged imaginary part of the refrative index, yielding
a signiantly worse gure of merit. On the other hand, the broadening also has a pos-
itive eet on the system: by pumping, as in the LFC ase, we an render the system
lossless for lower densities of N = 5 · 1016m−3.
We will disuss two dierent sets of parameters in the following. The rst one employs
the possibility to obtain a negative index in a range, where the real parts of both the
eletri permittivity and the magneti permeability are positive (Re(ε),Re(µ) > 0), if
the absolute values of the orresponding imaginary parts are greater than the real parts.
The negative imaginary part of ε ompensates the positive imaginary part of µ. In order
to identify the orret branh, we will redue the pump rate r smoothly to zero, following
the path of ε, µ and n in the omplex plane. If the system is in a passive state, as is
the ase for r = 0, we an identify the orret branh from its positive imaginary part.
In the seond parameter set we show that we an also ahieve absorptionless negative
refration for a density of N = 5 · 1016m−3, if we inrease the pump rate. At the
position of the rst zero of Im(n) the real parts of ε, µ are negative and at the seond
zero, separated by 2γ, both real parts are positive.
In the rst set of parameters the density is given by N = 9 · 1016m−3, whih is smaller
by approximately a fator of two ompared to the LFC results in Fig. 5.1. We introdue
a pumping rate of r34 = r43 = 5.85 · 10−2γ, whih is twie as large as in the LFC ase,
leading to an inrease of the population ρ22. The vast majority of atoms remain in the
ground state ρ11 = 0.99 and it sues that ρ22 = 8.2 · 10−3 > ρ33 = 6.0 · 10−4 to observe
ampliation of the eletri probe eld. The imaginary part of ε beomes negative, as
an be seen in Fig. 5.5, whih shows the marosopi response oeients. The gap
and the oupling Rabi frequenies are idential to the LFC ase, in order to failitate a
omparison of the results.
We reognize a dispersion-like struture in the real part of ε, whih beomes positive
for δ21 ∈ [−2.5γ,−γ]. The imaginary part exhibits a negative Lorentz peak entered
at δ21 = −0.5γ, whose width is Γ = 2γ. Comparison with the LFC results reveals
that the pumping hanges ε to a muh larger amount in NOBE. The real part of µ is
not signiantly aeted by the presene of pumping and looks similar to the urves in
Figs. 4.4 and 4.9, if we onsider the dierent densities. Please note, that we show a small
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Figure 5.5.: Marosopi response oeients of the four-level system alulated with
NOBE method and inluding the pumping rate r34 = r43 = 5.85 · 10−2γ.
Other parameters are given by Ω31 = 6 ·10−3γ,Ω42 = 5γ, δ31 = −0.01γ,∆ =
−125γ, γC = γ, λ = 5µm,N = 9 · 1016 m−3.
region around zero here. The hiralities inrease due to pumping, whih is the same as in
the LFC alulations, and are only smaller than ε, µ by a fator of 10. Nevertheless, by
slightly adjusting the pump rate, we are able to obtain the same results, if we average
over the phase Φc, i.e. for vanishing hiralities, or if we set Φc = 0, i.e. for nonzero
hiralities. The results for the refrative index shown here are phase-averaged. Finally,
we note that we have hosen δ31 = −0.01γ in order to shift the Lorentz peak in ε to lower
detunings. The reason is that the detuning leads to a light shift of state |3〉 aeting
the position of the two-photon resonane. Note that the spontaneous deay rate on this
transition is small γ31 = α
2γ. The resulting index of refration is shown in Fig. 5.6.
The absorption is strongly redued in the whole region of detunings [−8γ, 8γ] ompared
to the ase without pumping (see Figs. 4.6 and 4.11). Espeially in the magnied
region [−3γ,−0.5γ] we nd little absorption and exatly lossless behavior at the points
δ21 = −2γ and δ21 − 1.5γ. The real part of n takes on values of Re(n) = −0.5 and
Re(n) = −0.7, respetively.
Surprisingly, examining the marosopi response oeients at these points of zero loss,
reveals that their real parts are both positive. Why does this orrespond to a negative
index of refration? Sine we deal with an ative system, that exhibits gain in the
eletri omponent and loss in the magneti omponent, it is not obvious whih branh
of the square root to take. In order to identify the orret branh, we therefore employ
the fat that the system is smoothly onneted to a passive system simply by reduing
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Figure 5.6.: Refration index of the four-level system alulated with the NOBE method
orresponding to the marosopi response oeients of Fig. 5.5.
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the pump rate r to zero. We retrae the path of the two roots that is parameterized
by r and nally, at zero pumping, we an identify the orret branh from its positive
imaginary part. To follow the transition from passive to ative behavior we alulated
ε, µ and n for three dierent pumping rates r = {0, 5.5 ·10−2γ, 5.85 ·10−2γ}. The results
are shown in Figs. 5.7 and 5.8. The resulting path in the omplex plane of the three
funtions is shematially drawn in Fig. 5.9.
Studying the funtion ε for variable pumping, we nd that the real part beomes less
negative and eventually positive over the whole range of detunings [−8γ, 8γ], meaning
that the eletri response is weakened by the inoherent eld. The imaginary part
develops a negative Lorentzian entered at δ21 = −0.51γ reahing inreasingly large
negative values. On the other hand, the magneti permeability is only weakly aeted
by the pumping eld. The zero of the real part is shifted slightly to lower detunings and
the absorption inreases for inreased pumping.
It is important to note that as a funtion of the pumping rate r, the imaginary part of ε
is negative before the real part beomes positive (for xed detuning). This ensures that
the path does not ross the branh ut at the positive imaginary axis, beause it passes
the negative imaginary axis. Therefore the branh remains in the same Riemann sheet
over the whole path.
Investigating the inuene of the pumping on the refrative index (Fig. 5.8) shows that
the real part beomes less negative for inreased pumping and develops a dispersion-like
Raleigh struture, similar to the one in Re(ε). The imaginary part is redued over a
whole range of probe eld detunings, whih is due to the hange in the real part of
ε, and nally passes through zero and beomes negative. We an onveniently ontrol
the absorption properties by the pumping rate. However, we note that already a small
hange in r from 0.055γ to 0.0585γ hanges the imaginary part of n signiantly. It is
therefore neessary to be able to ne-tune r up to 10−3γ = 10KHz.
Finally, we present results for the seond set of parameters. Here, the density is even
smallerN = 5·1016m−3 and we nd lossless negative refration for an inreased pumping
rate of r = 0.232γ at two probe eld detunings. In order to inrease the eletri response,
we have hosen a smaller gap of ∆ = −40γ. Furthermore, we have approximately
doubled Ω31 = 0.01γ and redued Ω42 = γ. The hose the detuning δ31 = 0.05 in order
to redue the population transfer into state |3〉.
The marosopi response funtions are shown in Fig. 5.10 and the refrative index in
Fig. 5.11. We nd negative refration without absorption at δ21 = −3γ and δ21 = −1.2γ.
The real part at these points takes on the values Re(n) = −0.2 and Re(n) = −0.8,
respetively. We observe that, whereas the real parts of ε and µ are negative at the rst
detuning, they are both positive at the seond one. However, as we learned above (see
Fig. 5.9), both situations orrespond to lossless negative refration.
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Figure 5.7.: Eletri permittivity and magneti permeability alulated with NOBE for
variable pumping rates r = {0, 5.5 · 10−2γ, 5.85 · 10−2γ}. Other parameters
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δ21/γ
Figure 5.8.: Refrative index alulated with NOBE for variable pumping rates r =
{0, 5.5 ·10−2γ, 5.85 ·10−2γ}. Other parameters are as in Fig. 5.5. The arrow
denotes the diretion of inreased pumping.
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Figure 5.9.: Left: Path of ε and µ in the omplex plane, parameterized by the pumping
rate r. The arrows denote the diretion of inreased pumping. Whereas
µ does not hange muh, ε starts in the seond quadrant, enters the third
quadrant and ends up in the fourth quadrant. Note that the path does not
ross the branh ut, whih is hosen to be the positive imaginary axis (blue).
Right: Path of n2 (solid square) and the two solutions of the refrative index
(open irles) in the omplex plane, parameterized by the pumping rate r.
The arrows denote the diretion of inreased pumping. Starting in the
passive system (1), we identify the physial solution (red) and, following the




































Figure 5.10.: Marosopi response oeients of the four-level system alulated with
the NOBE method and inluding the pumping rate r34 = r43 = 0.232γ.
Other parameters are given by Ω31 = 0.01γ, Ω42 = γ, δ31 = 0.05γ, ∆ =
−40γ, γC = γ, λ = 5µm, N = 5 · 1016 m−3.
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Figure 5.11.: Refration index of the four-level system derived from the marosopi
response oeients of Fig. 5.10; alulated with the NOBE method.
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6. Conlusion and Outlook
In this work we have seen that lossless negative refration an be ahieved in a dense gas
of ve-level atoms. Metastable noble gases, for instane, are experimental andidates
that exhibit the desired ve-level struture. In partiular, Neon appears suitable for the
realization of negative refration without absorption at a wavelength of 5µm for densities
of 1017m−3.
In order to observe a negative index at optial frequenies, two onditions must be
fullled. First, negative refration an only our, if the medium responds to both
the eletri and the magneti eld omponent of a probe beam. The ve-level atom
must therefore ontain an eletri as well as a magneti dipole transition at roughly the
same frequeny. Moreover, sine we want negative refration at optial or near-optial
frequenies, the magneti transition energy must be loated in this range.
The magneti oupling is usually weaker than the eletri oupling by powers of the
ne-struture onstant. In order to enhane the magneti response, the atomi gas is
prepared by external laser elds. They indue a oherent ross oupling between the
eletri and the magneti transitions.
We show that the onstraints on the level sheme an be signiantly relaxed by em-
ploying light shifts due to strong laser ouplings. In this way we are able to attain
the degeneray of the eletri and magneti transitions in Neon without applying a
strong magneti eld to ause a Zeeman shift. In order to ahieve negative refration
at smaller wavelengths, we have disussed the properties of other noble gases, Krypton
and Xenon.
Nevertheless, relatively high densities are neessary to obtain negative response. There-
fore the dipole-dipole interation between lose-by atoms has to be onsidered. The loal
eld in the medium ontains ontributions from the polarized partiles, whih lead to
nonlinearities in the response funtions of the medium. We have ompared two methods
to aount for these near-dipole eets. The rst method of orreting for the loal elds
(LFC), previously applied, beomes invalid in our system, where large polarization elds
our. The seond method of solving nonlinear Bloh equations (NOBE) deals with the
loal elds in a more onsistent way and we nd signiant deviations in the results. It
remains neessary to investigate the reason for these dierenes in more detail, in par-
tiular with respet to the ross-oupling between eletri and magneti elds in hiral
media.
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The main result of negative refration with zero absorption is predited within both
alulation shemes. This is ahieved by applying a weak inoherent pumping eld,
that shifts the populations in the system in suh a way that the system exhibits gain.
The eletri probe eld is amplied via a two-photon transition, whih ompensates for
the absorption of the magneti omponent. The transition from an absorbing to an
amplifying behavior is smoothly ontrolled by the intensity of the inoherent eld.
We nally disuss the possibility to obtain a negative index of refration in a region where
the real parts of ε and µ are positive. In an ative system, the rule that both oeients
must be negative does no longer hold. Ative systems open new ways to ahieve negative
refration without absorption and we nd a lossless negative refration with n = −0.8 in
a region of positive ε and µ for a density of 5 ·1016m−3 and a wavelength of λ = 5µm.
Finding other experimental realizations of the ve-level atom, espeially at optial fre-
quenies, remains an important task. One of the seletion riteria is the degeneray
of eletri and magneti transition frequenies. We employed a two-photon transition
to relax this riterion, however, it might be possible to relax this even more by using
multiphoton resonanes. A further approah is to use a multiomponent medium, where
one omponent provides the eletri response and the other one the magneti response.
The two degenerate transitions are then loated in dierent systems.
We have onsidered only the probe eld polarization in the Hamiltonian and obtained
nonlinear Bloh equations. Further studies might inlude the polarization elds aused
by the strong oupling lasers in a nonlinear way as well and predit negative refration
at smaller densities due to a loal eld enhanement in the medium.
Finally, it would be desirable to desribe pulse propagation in the medium, whih re-
quires a solution of the time-dependent Maxwell-Bloh equations. One ould for instane
alulate the distortion of a wavepaket in the medium and its transmission properties.
In a two-dimensional alulation one might even envision to observe negative refration
of the probe pulse at a surfae.
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A. The Landé Fator in the
jL-Coupling Sheme
The Landé-fator of a omposite system depends on the way the angular momenta of
the subsystems ouple to eah other. A well known oupling sheme is the Russell-
Saunders or L ·S oupling sheme, where the total orbital momentum L =∑i li ouples
to the total spin S =
∑
si. For the metastable noble gases, where one valene eletron is
exited to a higher level, a dierent sheme is applied. It is often denoted as jL-oupling.
The angular momentum of the exited eletron, whih is written as (L, S), ouples to
the angular momentum (l, s, j = l + s) of the shell in the following way. First, the
total angular momentum of the shell j ouples to the orbital momentum of the single
eletron L to give K = j + L. Then K ouples to the eletron's spin S to give the total




where the supersript ± desribes the parity of the level. Following this oupling proe-
dure, the Landé fator for suh a term is alulated in three steps.
First, the Landé fator gj for the ioni ore with angular momentum (l, s, j) is alulated
in the usual Russel-Saunders (ls)-oupling sheme
gj = 1 +
j(j + 1)− l(l + 1) + s(s+ 1)
2j(j + 1)
= 1 + fjls , (A.2)
where we used a spin gyromagneti fator of gs = 2. The magneti moment of the shell
is then given by µ = −µBgjj. In the seond step the momenta j and L ouple to give
K
µK = −µBK(gjj ·K + L ·K)/K2 , (A.3)
from whih follows that
gK =
gj (K(K + 1)− L(L+ 1) + j(j + 1)) + (K(K + 1)− j(j + 1) + L(L+ 1))
2K(K + 1)




Finally, K and S ouple to give the total angular momentum J
µJ = −µBJ(gKK · J + gSS · J)/J2 , (A.5)
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so that
gJ =
gK ((J(J + 1)− S(S + 1) +K(K + 1)) + gS (J(J + 1)−K(K + 1) + S(S + 1))
2J(J + 1)
= gKfJSK + gSfJKS .
(A.6)
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B. Pressure Broadening in Atomi
Gases
Here we try to give some physial insight into the mehanisms that lead to ollisional
broadening in the gas of rare atoms. First, the deoherene that arises from ollisions
was implemented in our system by adding the deay onstant γC to the deay rate of
the o-diagonal elements of the density matrix. We did not inlude ollisional deay of
the populations. The reason for this approah is that only inelasti ollision an alter
the internal state of the system. Inelasti ollisions, however, are unlikely to our in
our system. On the other hand, we have to take elasti ollisions, whih disturb the
relative phases of the olliding partners, into aount. First, we are going to give some
arguments, why we an neglet inelasti ollisions and later on estimate the density-
dependent deoherene rate due to elasti ollisions in our system.
Collisions that alter level populations are inelasti ollisions between two (or more)
partiles a, b, . . ., where internal energy is transferred to kineti energy of the partners
or vie versa
ai + bi → af + bf , (B.1)
where ai, bi are the initial states of the partiles and af , bf the nal states. The internal
energy dierene ∆U = E(af) + E(bf ) − E(ai) − E(bi) between initial and nal state
has to be transferred into kineti energy of the partiles E
kin
. The ross-setion σ for
this proess an beome larger than the true atomi radius, if the transition is almost
resonant (E
kin
≪ kBT ), whereas it is negligible, if Ekin ≫ kBT . We further note that the
spontaneous emission rate is not onsiderably aeted by ollisions. It is therefore not
neessary to onsider the ase, where a photon of frequeny ω, arrying away some energy
and momentum that ould redue the kineti energy and make the proess resonant
again, is emitted during the ollision.
The energy level dierenes in rare gases are large ompared to the kineti energies at
room temperature or below. Therefore, the ross-setion for inelasti ollisions is small
and it is suient to onsider elasti ollisions. Furthermore, it turns out that most of
the population remains in the (metastable) ground state and deay mostly aets the
o-diagonal density matrix elements. Please note that ollisions, where two partiles
merely interhange their internal states ai = bf , bi = af by exhange of a photon, are
rst order proesses in the dipole-dipole interation and are therefore already taken into
aount by the loal-eld orretion (see Se. 3.1). Finally, we remark that the situation
is dierent in the ase of moleules. Moleules have broad rovibrational bands that
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make inelasti ollisions muh more likely, beause almost any internal energy dierene
is available to math typial kineti energies.
Elasti ollisions do not hange the internal state of the partners. They merely disturb
the phases of the olliding partners. Therefore they are often alled phase-perturbing
ollisions. If two partiles ome lose to eah other, their mutual interation auses a
shift in their energy levels with respet to the unperturbed ones. This shift
∆ǫj(R) = ǫj(R)− ǫj(∞) (B.2)
depends on the distane between the partiles as well as on their respetive internal
states and the phase evolution of eah state is given by




∆Ej(t)/~. Therefore, elasti ollisions only aet the o-diagonal el-
ements of the density matrix (oherenes), as they omprise phase relations between
















= |j〉〈j| . (B.4)
On the other hand, the phases of the oherene pik up a phase fator of ηjk(t) =

















= exp (iηjk(t)) |j〉〈k| .
(B.5)
The oherenes determine the polarization of the atom and thus the emitted eletro-
magneti eld. By Fourier transformation of the polarization one an extrat the deay
rates from the half-width of the emitted frequeny spetrum. There will be a ontribu-
tion from the natural lifetime of the involved states and from the deoherene due to
ollisions.










It turns out that I(ω) an be expressed by the autoorrelation funtion of the phase dis-
turbanes ηjk, namely, it is given by the Fourier transform of e




iηjk(t+s)e−iηjk(t) is the autoorrelation funtion of the phase hanges of
the oherene ρjk due to ollisions.
Writing η(t, s) = η(t + s) − η(t) for the inrease in the phase hanges from t to t + s,
one an onlude that
dφ(s+ ds)− dφ(s) = 〈eiηjk(t,s+ds) − eiη(t,s)〉 = 〈eiη(t,s)(eiη′ − 1)〉
= φ(s)〈eiη′ − 1)〉 . (B.7)
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Now we an employ the fat that instead of averaging over time, we an equally well
average over all possible two-body ollisions. The impat parameter b sues to desribe
the sattering of two partiles. It is dened as the distane of losest approah. The
number of ollisions with an impat parameter between b and b + db in a time interval
ds is given by 2πbdbNvds, where N is the density and v is the mean veloity of the
partiles. This veloity is determined by the temperature of the sample. The average
an be expressed as an integral over the impat parameter,











The sattering ross-setions σr,s an be understood as interation ross-setions of the
atoms: only if two atoms ome so lose to eah other that their respetive ross-setions
overlap, the resulting phase disturbane is non-negligible.
In order to solve the integrals, we have to make an ansatz for ηjk(b). Our sample ontains
only one sort of atoms, whih interat via the dipole interation. Therefore, we are going














The interation oeient C an be approximated by C = e2fjk/16πε0meω0, where fjk is
the osillator strength of the orresponding transition, whih an be alulated by [27℄
fik = 1.499 · 108 · Aik · λ2 · 2Jk + 1
2Ji + 1
. (B.11)
Here, the deay rate is given in units of [Aik] = 10
8
Hz, the transition wavelength in units
of [λ] = Å. The total angular momentum of the states is denoted by Ji,k.








(ω − ω0 −Nvσs)2 + (γ/2 +Nvσr)2 , (B.12)
whih shows that the ollisional deay rate is given by γC = 2Nvσr, where N is the
density of the atoms and v is the mean veloity of the atoms, whih an be expressed by
the temperature as v =
√
16kBT/πm, where m is the density of the atoms. However, it
will turn out that the shift is atually independent of the veloity in the ase of a pure









⇒ γC = 2π2NC . (B.13)
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We annot expet to get information about the ollisional broadening of spei lines,
but instead nd the order of the expeted deay rates. Therefore, we plug in some
typial values for Neon and Xenon, whih are
λ = 500nm




⇒ fik = 0.037 .
(B.14)
Plugging these numerial values into the above equations, one nds that a typial olli-





A typial density of our system is N = 1017m−3, yielding
γC = 10
9
Hz =ˆ 100γ , (B.16)
whih shows that ollisions would probably indue more deoherene in a gas than we
aount for in our alulation where we set γC = γ. However, as an be seen in Fig. 4.8,
our results are not very sensible to the exat value of γC . We are able to nd negative
refration with a FOM of 5 up to γC = 30γ. Experimentally measured values for the
broadening onstants of Neon, Krypton and Xenon an be found in [28, 29, 30℄. Typial
values in angular frequenies are given by
γC(Ne,Kr) = 2N · 10−15MHz(atoms m−3)−1
γC(Xe) = 6N · 10−15MHz(atoms m−3)−1 .
(B.17)
These values are slightly smaller, but still in agreement with our theoretial alulation.
For a typial density of N = 1017m−3, they yield ollision deay rates of γC = 200MHz
= 20γ for Neon and Krypton and γC = 600MHz= 60γ for Xenon.
Please note that γC is temperature independent for pure dipole-dipole interation (reso-
nane broadening). However, we expet lower deoherene rates for lower temperatures
in a real experiment.
76
C. Summary of Parameters in the
Noble Gases
C.1. Neon I
The ve level system is realized in Neon I by the following set of energy levels given in
the jL-oupling sheme and with energies ǫi
|1〉 = 2p5(2P3/2)3s 2[3/2]−2 , mJ = 1, ǫ1 = 134 041.8400 m−1
|2〉 = 2p5(2P1/2)3s 2[1/2]−1 , mJ = 0, ǫ2 = 135 888.7173 m−1
|3〉 = 2p5(2P1/2)3d 2[3/2]−1 , mJ = 1, ǫ3 = 162 435.6780 m−1
|4〉 = 2p5(2P1/2)4p 2[1/2]+0 , mJ = 0, ǫ4 = 164 285.8872 m−1
|5〉 = 2p5(2P1/2)12s 2[1/2]−1 , mJ = 1, ǫ5 = 173 751.47 m−1 .
(C.1)
The ground state of the system |1〉 is metastable with a lifetime of τ = 20se (see
Appendix C of [31℄). The hoie of magneti sublevels is for a σ−-polarized probe eld,
for π-polarized oupling elds Ea,Ec and a σ
+
-polarized oupling eld Ed to the fth
level. The notation for angular momentum states in the jL-oupling sheme is given
by
Shell of ore eletrons (2s+1lj) Shell of exited eletron
2S+1[K]±J . (C.2)
The symbols l, s, j desribe the angular momentum of the ore eletrons and S,K =
j + L, J desribe the angular momentum of the exited eletron. The orbital angular
momentum L of the exited eletron an be seen from its shell. The sign ± denotes the
parity P = (−1)l+L of the state. The relevant transition energies are given by
ǫ21 = 1 846.88 m
−1 ⇒ λb = 5.4µm
ǫ42 = 28 397.2 m
−1 ⇒ λc = 352nm
ǫ54 = 9 465.58 m
−1 ⇒ λd = 1.05µm
ǫ31 = 28 393.8 m
−1 ⇒ ∆ = ǫ43 − ǫ21 = 3.3319 m−1
∆ = 3.3319m−1 = 9.989 · 1010Hz = 0.1THz ≃ 2π · 104γ ,
(C.3)
if we use a typial value in Neon I of γ = 107 Hz. The size of the gap an, to a ertain
amount, be ontrolled by an external magneti eld B0 pointing along the quantization
axis. Sine the states have dierent Landé fators gJ , they experiene dierent Zeeman
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Figure C.1.: Non-degeneray gap∆ versus stati magneti eld strength in Neon I. Probe
eld polarization is σ−, strong oupling elds are π-polarized. The relevant
magneti sublevels are mJ (|1〉) = 1, mJ(|2〉) = 0,mJ(|3〉) = 1,mJ (|4〉) =
0,mJ(|5〉) = 1.
shifts εi → εi + µBgJmJB0. Aording to Eqs. (C.1) the size of the gap as a funtion of
the Zeeman eld is given by
∆(B0) = ∆(0) + (gJ(|1〉)− gJ(|3〉))µBB0 . (C.4)
Using the general formula Eq. (A.6) in Appendix A to alulate the Landé fators, yields
gJ(|1〉) = 3/2, gJ(|3〉) = 5/4, so that the gap shifts with the magneti eld as
∆(B0) = ∆(0) + 2µBB0/3 . (C.5)
From this follows, as shown in Fig. C.1, that the gap is losed for a magneti eld of
B0 = −10.7051, where the sign denotes that the eld is antiparallel to the diretion of
the quantization axis. Note that even for these high eld strengths we are still in the
Zeeman-regime, beause the Zeeman-energy of 100GHz has to be ompared with the
spin-orbit splitting, whih is about 60 THz.
Fortunately, we an ontrol the size of the gap eetively also by means of a strong laser
oupling Ω54 between the fourth and the fth level, ausing the energy shift
ǫ4 → ǫ4 ± ~Ω54/2 . (C.6)
As this Rabi frequeny is large, we have to look for energy levels lose to |4〉, |5〉, beause
the atom an be transferred into these outer states non-resonantly. Realling that the
total momentum of |4〉, |5〉 is J(4) = 0, J(5) = 1, we drive only a single transition
between magneti sublevels. We inspet the energy spetrum for levels i with eletri
dipole allowed transitions to either |4〉 or |5〉, whih have a transition frequeny lose
to ǫ54. The states that are losest in energy to |5〉 and onneted to |4〉 via a dipole
transition are separated from |5〉 at the least by
d(|5〉 − others) = 50 m−1 = 1.5THz . (C.7)
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Aordingly, one nds
d(|4〉 − others) = 500 m−1 = 15THz . (C.8)
Sine the Rabi frequeny is still small ompared to the separation of nearby levels,
Ω54 = 2∆ = 0.2THz, these neighboring transitions are still far detuned by d = 15Ω54.
Population transfer into these outer states is therefore negligible. This an be estimated
by onsidering the transitions (|4〉 − other) and (|5〉 − other) as two-level systems. The




≈ 10−3, for δ = 15Ω54 . (C.9)
This justies that we neglet any population transfer indued by Ω54 to levels that are
outside the ve-level sheme.
C.2. Krypton I
The ase of Krypton I is a bit dierent from the other two, sine, although we an
nd almost degenerate magneti and eletri transitions, whih have a wavelength of
λ
Kr
= 1.7µm, the harater of the strong oupling transitions is interhanged. The
transition from the ground state to the lower level of the eletri probe eld transition
|1〉 − |3〉 is eletri dipole allowed in Krypton, whereas the transition |2〉 − |4〉 is an
eletri quadrupole transition (E2) involving the absorption or emission of two photons.
This is in ontrast to the ases of Neon and Xenon, where the transition |1〉 − |3〉 is
E2 and |2〉 − |4〉 is E1. We found better results for the refrative index in the ase of
Ω31 ≪ Ω42, whih orrespond to the Ne and Xenon ases, and will therefore just state
the four levels that make up the system with interhanged parities and not disuss it
any further
|1〉 = 4p5(2P3/2)5s 2[3/2]−2 , mJ =, 1, ǫ1 = 79 971.7417m−1
|2〉 = 4p5(2P1/2)5s 2[1/2]−1 , mJ = 0, ǫ2 = 85 846.7046m−1
|3〉 = 4p5(2P1/2)5p 2[1/2]+1 , mJ = 1, ǫ3 = 97 919.1468m−1
|4〉 = 4p5(2P3/2)5d 2[1/2]−1 , mJ = 0, ǫ4 = 103 801.7929m−1
ǫ21 = 5 874.9629m
−1
ǫ43 = 5 882.6461m
−1
∆ = 7.6832m−1 = 220GHz .
(C.10)
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C.3. Xenon I
In Xenon I the ve-level system is realized by
|1〉 = 5p5(2P3/2)6s 2[3/2]−2 , mJ =, 1, ǫ1 = 67 067.547m−1
|2〉 = 5p5(2P1/2)6s 2[1/2]−1 , mJ = 0, ǫ2 = 77 185.041m−1
|3〉 = 5p5(2P3/2)5d 2[5/2]−2 , mJ = 1, ǫ3 = 81 925.514m−1
|4〉 = 5p5(2P3/2)8p 2[5/2]+2 , mJ = 0, ǫ4 = 92 221.362m−1
|5〉 = 5p5(2P3/2)8d 2[3/2]−1 , mJ = 1, ǫ5 = 94 285.651m−1 .
(C.11)
The ground state of the system |1〉 is metastable with a lifetime of τ = 150se (see
Appendix C in [31℄). The hoie of magneti sublevels and eld polarizations is idential
to the Neon ase disussed above. The relevant transition energies are given by
ǫ21 = 10 117.5 m
−1 ⇒ λb = 990nm
ǫ42 = 15 036.3 m
−1 ⇒ λc = 665nm
ǫ54 = 2 064.3 m
−1 ⇒ λd = 4.8µm
ǫ31 = 14 858.0 m
−1 ⇒ ∆ = ǫ43 − ǫ21 = 178.348 m−1
∆ = 178.348m−1 = 5.35 · 1012Hz ≃ 2π · 5 · 105γ ,
(C.12)
if we use a typial value in Xenon I of γ = 107 Hz.
Closing the gap using a stati magneti eld is not possible for Xenon I. Here, the
relevant Landé fators are given by gJ(|1〉) = 3/2, gJ(|3〉) = 44/45. This results in
∆(B0) = ∆(0) + 47µBB0/90 . (C.13)
Sine the gap in Xenon is larger than in the ase of Neon by a fator of 50, it turns out
that one would need a very high magneti eld strength of 731.5 T to lose it.
Again, in order to lose this gap by the AC-Stark shift, we have to apply a very strong
and resonant laser eld to the transition |4〉 − |5〉 with a Rabi frequeny as large as the
gap Ω54 = 2∆ = 10THz. Unfortunately, it turns out that we also drive other dipole-
allowed transitions non-resonantly. The energy separation between |4〉 and a state with
an eletri dipole transition to |5〉 is given by
d(|4〉 − other) & 40 m−1 = 1.2THz (C.14)
and orrespondingly
d(|5〉 − other) & 60 m−1 = 1.8THz . (C.15)
Thus we have Ω54 ≫ d and one annot neglet non-resonant population transfer outside
our system. An experimental possibility to deal with this ompliation is the appliation
of repump lasers, whih nevertheless ompliates the system.
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